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Abstract — In the present paper a new stable [1] three-dimensional finite element 
based on the primal-mixed formulation in elasticity, is presented. According to the 
known literature, it is the first reliable mixed finite element in 3d elasticity, where 
a priori C0 continuous discretization for stresses and displacements, as fundamental 
variables is used. It has properties of the up most importance for the successful 
applications on the real structures – it satisfies consistency, ellipticity and inf-sup 
conditions, which ensure good mathematical convergence characteristics. In addition, it 
is provided that there are no difficulties in the numerical solution of the resulting linear 
system of equations. It should be noted that present formulation contains no tricks, no 
tune-ups, or hidden features. The main objective for the present investigation was 
identification of an universal finite element in elasticity that can replace library of finite 
elements for specific purposes presently used in finite element software codes. 
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1. Introduction 

The mixed finite element schemes [2] are now abundantly used for the analysis of fluid 
flows, almost incompressible and incompressible materials, plates and shells. In the 
number of papers [3,4,5] it has been shown that special class of mixed finite element 
methods, so called primal-mixed method, should be employed in the plane elasticity 
analysis, rather than displacement method. Recently, an extension to three-dimensional 
settings was made [6,7] relaying on a full 3d theory. It has been shown that the lowest-
order finite element HC8/9 of that scheme is solvable and robust, i.e. it is not sensitive 
to changing of Poisson’s ratio. Further it has been shown that it satisfies ellipticity 
condition – the first stability condition, since the bilinear form connected to the stress 
space is coercive. Moreover, it has been shown that it can be used as a universal finite 
element applicable in the analysis of beams, rods, plate and shells, full bodies of 
arbitrary geometry in analysis of compressible and almost incompressible materials that 
are in the class of regular model problems (e.g. subjected to the smooth boundary 
conditions). However, it has been numerically proven that it is not stable, i.e. it does not 
pass numerical inf-sup test. That results was expected, since its two-dimensional 
counterpart does not pass that test also, although it was numerically proven that it is 
very efficient and it has been recommended [6] for the analysis of regular model 
problems. 



Here will be shown that is possible to construct reliable [1] finite element method in 
linear elasticity that automatically satisfies the first and second stability condition and at 
the same time has C0 continuous stresses. More clearly, this paper is an answer to the 
paper of Brezzi et al. [8] where several observations concerning mixed finite element 
schemes are presented. Firstly, “...for linear elasticity problems such a construction 
(satisfying the first and second stability condition) is yet unachieved and looks rather 
difficult”. Secondly, there is a remark about so-called Taylor-Hood mixed finite element 
in elasticity where both variables of interest (stresses and displacements) are continuous 
“…It is not known if this element is stable”. And finally, “…The use of C0 discretization 
for the stress filed should be avoided. The main reason for this is the difficulty in the 
numerical solution of the linear system of equations.” 

Consequently, a new finer continuous finite element approximation spaces are used 
for the discretization of the present underlying formulation. On that way, a new mixed 
three-dimensional Taylor-Hood finite element in elasticity, named HC8/27, is obtained. 
In order to check weather it is reliable or not, it is investigated for its mathematical 
convergence characteristics [1]. As a result, it has been shown that it satisfies 
consistency, ellipticity and inf-sup conditions. In addition it is shown that it is solvable 
and robust. In the present paper, the results of the inf-sup stability test will be presented, 
only. It should be noted also, that resulting system of linear algebraic equations, where 
system matrix is indefinite, symmetric, and sparse, is without difficulties solved by 
direct Gaussian elimination procedure. 

2. Present Formulation 

Present finite element method was firstly investigated in plane elasticity settings in early 
eighties. Through the time, changes in chosen finite element shapes and corresponding 
local basis functions shapes, type of solution technique and type of boundary 
conditions, were made. Eventually, a reliable and time efficient scheme in plane 
elasticity, is obtained [5,6], in spite of additional three equations per global node 
connected to the stress components, for difference to displacement method. 

In the paper [5] it is explained why finite element displacement method in elasticity, 
in its original form is not applicable to problems of thin plates and shells and high 
Poisson’s ratio. Nevertheless, as a cure for these situations, artificial constants are 
usually introduced in the displacement local functions expressions or reduced 
integration is used, which directly makes this formulation unreliable [1]. In addition, in 
the displacement method, stresses are calculated in an additional procedure on local 
element level, resulting in unrealistic discontinuity of stresses along the finite element 
boundaries, for the model problems without singularities. 

After proving present formulation in two-dimensional settings, its extension to 
three-dimensional settings was made and results were published in [7]. In that paper the 
finite element HC8/9 is investigated in detail, where it was shown that it is solvable and 
robust, but not stable. These results were in exact accordance with the results obtained 
for its two-dimensional counterparts QC4/5. It should be noted, that in the present 
literature it was the first time that numerical stability of mixed finite element approach 
in the three-dimensional setting was determined. 



In the present paper, the new finite element HC8/27 is introduced where stress spaces 
are even more refined. It will be shown that this element satisfies the first and second 
stability condition, known as an ellipticity on the kernel condition and inf-sup condition, 
respectively. 

Though the underlying theory can be found in number of papers about the primal-
mixed formulation [9], for the sake of clarity its basic expressions are given below. 

The present procedure is based on the Hellinger–Reissner variational principle [10] 
in linear elasticity, for which the weak form of primal-mixed variational formulation 
with displacement and stresses used from continuous space functions, is given by: 
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In this expression u is displacement field, T is the stress field, f is the vector of body 
forces and p is the vector of surface forces. Further, 1−= KA  is the elastic compliance 
tensor, while v and S are the displacement and stress weight functions, respectively. 
Space ( ) nn

symH ×Ω∈ 1T  is the space of all symmetric tensorfields that have square 

integrable gradient, while space ( )nH Ω1  is the space of all vectorfields that are square 
integrable and have square integrable gradients, where n is the number of spatial 
dimensions of the problem under consideration 

It has been shown in [3] that present scheme can be decomposed for unknown 
(variable) and known (prescribed) values of the stresses and displacements denoted by 
the indices v and p respectively: 
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In these expressions, the nodal stresses t L st and displacements uKq components are 
consecutively ordered in the column matrices t and u respectively. The members of the 
matrices A and D and of the vectors (column matrices) f and p (discretized body and 
surface forces) are respectively: 
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From the Eq. (2) it can be seen that present system of equation is symmetric and 
indefinite. Further, system matrix will have positive and negative eigenvalues due to the 
fact that the saddle point problem is discretized. 



3. The HC finite element family 

The HC finite element family is shown in Fig.1. In the present notation, letter H stands 
for element hexahedral geometry, while letter C indicates continuous interpolation of 
displacement and stress fields. These letters are followed by number of displacement 
and stress local nodes per element, respectively. Circles depict displacement nodes, 
while stress nodes are represented by tetrahedrons. The basic properties of the finite 
elements HC8/8 and HC8/9, may be found in [7]. The present finite element HC8/27 
has 3 and 6 degrees of freedom, per displacement and stress node, respectively. Both 
fields are approximated by the tri-linear interpolation functions. In addition, stress field 
is enriched by quadratic hierarchic shape functions connected to the additional 21 
hierarchic nodes. The numerical integration is performed by 3×3×3 numerical Gaussian 
integration. It should be noted that, besides additional degrees of freedom, in the two-
dimensional case it was shown that this formualtion has better time/accuracy ratio than 
displacement method [5,6]. 

 

HC8/8   

 

HC8/9   

 

HC8/27  
Figure 1. The HC finite element family. 

4. The Stability Test 

The finite element is stable if it satisfy two necessary conditions i.e., the first condition 
represented in the ellipticity on the kernel condition and second condition represented in 
the inf-sup condition [1]. In the present case, the test and trial stress local functions are 
from space  that ensures that corresponding bilinear form, connected to the test 
and trial stress approximate spaces, is coercive. From that reason, the first stability 
condition [9] is automatically satisfied, like in for example, Stokes problems. 
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The second condition for stability is satisfied if for the meshes of increasing density, 
value hγ , following from LBB (Ladyzhenskaya, Babuška, Brezzi) condition and 
defined in e.g. [11], p.76, Eq.(3.22), remains bounded above zero, 
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Because verification of condition like (6) involves an infinite number of meshes, a 
numerical inf-sup test should be performed for a sequence of several meshes of 
increasing refinement [1]. Consequently, in the present case, numerical inf-sup test in 
matrix notations is stated as the generalized eigenvalue problem given by: 



xx    -1T KDAD λ= , (8) 
where D and A are matrix entries in (2), matrix K is the stiffness matrix from the 
relating displacement finite element method, and minλ  is equal to the inf-sup value hγ  
in Eq.(6). This approach is already used in [6] and [7]. 

Throughout the test the simple unit square block or thin plate, with constrained 
component displacements along coordinate axes only, is used. The model problem is 
gradually refined using meshes of N×N×N elements, for N=1,2,3. Note that any loading 
does not enter the test [1]. The obtained inf-sup test results for HC finite element family, 
presented in Figures 2 and 3, show that finite element HC8/27 is stable only. We must 
keep in mind that this element, is solvable, i.e. it contains no spurious pressure modes, 
which will be published elsewhere. 

It is interesting to see that if the L2 norms are used, for which any material 
characteristics do not enter the test, for determining the eigenvalues in (8) as 
recommended by Bathe in [1], the similar eigenvalues were obtained, as can be seen 
from Figure 4. Thus, in the present paper the L2 norms were obtained using E=1 and 
ν=0 for calculating the coefficients of matrix A and K, as it can bee seen in [5]. 
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Figure 2. Inf-sup results HC Family. Figure 3. Inf-sup results HC8/27. 
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Figure 4. Eigenvalues obtained by inf-sup test (8) for L2 and Energy norms. 



5. Conclusion 
In the present paper the stability of the new primal-mixed three-dimensional finite 
element HC8/27, so-called Taylor-Hood finite element, where displacements and 
stresses shape functions are a priori continuous fundamental variables, was proven. 
This element is stable as it automatically satisfies the first stability conditions, known as 
an ellipticity on the kernel condition, and passes the second stability test, known as 
numerical inf-sup test. 

Since, the present method is based on the proper variational formulation, in addition 
it is solvable, and satisfies stability conditions, it can be said that this finite element is 
reliable and that this finite element scheme may be recommended for general use. 
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