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Preface 

Problems in engineering are frequently modeled using partial deferential equations 
(PDE) [1, 2]. The set of partial deferential equations describing such problems is 
referred to as the strong form of the problem [3], although very few partial 
deferential equations may be solved in closed form [4]. Therefore, in the sequel, we 
will be concerned with the construction of approximate solutions based on the 
finite element method. 

The finite element method (FEM) [5, 6] in solid mechanics is a computer technique 
for solving partial differential equations that represents governing equations of 
physical lows of nature over the given domain of the solid body subjected to the 
prescribed boundary conditions and known external loads. It enables the 
determination of approximate solutions to complex problems with a high accuracy, 
providing that model problem is well posed. Presently, it is used to predict the 
behavior of the solid body under the mechanical loads, calculating displacement 
and stress fields. However, FEM can also be used to solve problems involving 
multifield simulation of the fluid flow, heat transfer, electromagnetic fields, 
diffusion, and many other phenomena.  

Finite element method provides a greater flexibility to model complex geometries 
than finite difference [7] and finite volume methods. The advancement in computer 
technology enables us to formulate and assemble the discrete approximations 
which results with larger system of equations every day and to display the results 
quickly and conveniently. Specifically, finite element method becomes a powerful 
tool in structural mechanics.  

There are two main approaches in finite element methods, primal and multifield [3, 
8]. If the approach is primal, there is only one solution variable in the resulting 
formulation. In elasticity it is usually displacement, and resulting finite element 
approach is known as a displacement finite element method. If the approach is 
multifield, there is more than one solution variable, usually two or three, for 
example, displacement and stress. If all fields of variables are of the same 
dimensionality the resulting multifield approach is called mixed, otherwise it is 
called hybrid. If multifield approach is constructed over the stable finite element 
configurations, it will overcome most of the locking problems and to increase the 
accuracy of dual variable field. Let’s remember that the dual variables (e.g. stress) 
is usually of greater importance than primal variable. Nevertheless, the mixed 
methods are more used in fluid than in solid mechanics until now. 

In the present text it will be shown that finite element method did not reached the 
maximum of its development and applications. Namely, presently it will be shown 
that mixed finite element schemes, although initially considered as slower and 
more complicated [3], give more reliable [5] answer in fully three-dimensional 
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thermo–mechanical analysis. It is valid even for the geometrical multiscale 
problems [9, 10, 11], which encompass investigation of the behavior of the solid 
body from macro to micro, meso and toward atomistic scale [12]. 

Two general types of finite element analysis are of interest in structural mechanics, 
static and dynamic. In most cases, we are interested in determining the behavior of 
a solid body in static equilibrium. This means that both external and internal forces 
acting on the solid sum to zero. In some cases, we will be interested in the dynamic 
behavior of a solid body. In dynamical case, examples include modeling problems 
involving wave propagation, vibrations in structures, explosive loading and crash 
analysis.  

To set up a problem properly, we need to specify  

 The geometry of the solid. This is done by generating a finite element mesh 
for the solid (for example see [13]).  

 The properties of the material. This is done by specifying the constitutive law 
for the given solid.  

 The Dirichlet and Neumann boundary conditions for the solid. This is done 
by prescribing the boundary conditions per displacement and/or per stress, 
respectively.  

 The external loads applied to the given solid (body and surface loads).  
 The initial displacements if exists. 
 The residual stress field if exists as a consequence of non-uniform plastic 

deformations, thermal contractions or phase transformations, or 
manufacturing process). 

 For a dynamic analysis, it is necessary to specify initial conditions for the 
problem, the initial velocity of each material node in the solid. This is not 
necessary for a static analysis.  

Rather than approximating the partial differential equation directly, as for example 
in the case of the finite difference method, the finite element method utilizes a 
weak problem that involves an integral of the differential equation over the 
problem domain. This domain is divided into a number of sub domains called finite 
elements. Then solution of the partial differential equation is approximated by a 
low or high order polynomial functions over each finite element, known also as 
shape or base functions, see Figure 1.2. These polynomials have to be pieced 
together so that the approximate solution has an appropriate degree of smoothness 
over the entire domain. Nevertheless, it is required that they represent exactly all 
polynomial terms in order m≤ , where m  is order of the highest spatial derivative 
that appears in the energy functional. Hence, the variational integrals are evaluated 
as a sum of contributions from each finite element. The result is an algebraic 
system for the approximate solution having a finite size rather than the original 
infinite-dimensional partial differential equation.  
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Thus; like finite difference methods; the finite element process has discretized the 
partial differential equation but, unlike finite difference methods; the approximate 
solution is known throughout the domain as a piecewise polynomial function and 
not just at a set of points. 

Finite element method has a number of advantages relative to other numerical 
methods, including: 

 Easy treatment of the complex irregular regions, 
 The use of nonuniform meshes to reflect solution gradations, i.e. adaptive 

mesh refinement 
 The treatment of boundary conditions involving fluxes (dual solution 

variables), 
 The construction of high-order approximations. 

 

Nevertheless, finite element method, as any other numerical method, provides only 
solutions to specified mathematical equations and only approximate solutions at 
that. Therefore, unless the modeler (finite element analyst) has a complete 
understanding of the method from mathematical point of view and model from 
physical point of view, then the output of some in-house or commercial computer 
code may be misleading. In the present text the great attention is given to the 
reliability of the approximation scheme used. It is mainly from the reason that only 
fully reliable finite element schemes can be efficiently used by the design engineers 
who are not experts in the FEA analysis.  

Namely, design of real engineering structures requires specific engineering 
knowledge of behavior and properties of the structures itself and on site. On the 
other hand, finite element method is mathematical procedure of approximations 
involving possession of the specific knowledge about assembling and solution of 
the large systems of equation. Usually these expertise are not possessed by the 
same persons and, as a rule, the lack of knowledge in one of these is neglected by 
the FE user. Therefore, reliability of FE procedure can replace the lack of 
multidisciplinarity of the FE system analyst team. 

In this book we will also address several issues in the computational mechanics of 
solid bodies, which are sometimes important to be simultaneously satisfied in real 
engineering calculations. These issues are reliability, transition error, tensorial 
invariance, consistency error, introduction of the residual stresses, and introduction 
of the initial deformations, unwanted spurious oscillation of primal and dual 
variable fields, thermal stress calculation, no dimensional reduction, scale 
robustness, material’s properties robustness, material interfaces, and presence of 
the thin inner or outer layers of material. Usually some of these topics are possible 
to overlook and again obtain structural response with low verification and 
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validation error. However, when all of this issues is present in the same structure, 
the system analyst are faced to the problem that no numerical procedure are 
capable to do it on the satisfactory manner. As a simple and natural method of 
discretization, the finite element method based on extremal principles is not 
capable to deal with all of these issues also, contrary to the original semi-coupled 
primal-mixed finite element approach which will be presented here. 

Finally, there is an open question of applicability of numerical schemes based on 
formulations in continuum mechanics on real engineering problems. Namely, 
although appropriate for most of the problems in modern engineering structural 
assessment, continuum mechanics can not readily described certain heterogeneities 
linked to either the microstructure or the deformation (crack nucleation in fatigue, 
dislocation patterns, bifurcation phenomena, and some non-local phenomena). The 
conflicting requirements for the computational expediency and the capability of a 
model to capture salient features of a physical problem are often addressed by 
coupling of the length scales. Therefore, presently we adopt multiscale approach in 
which model problem is analyzed by primal-mixed finite element scheme on 
macroscale and bridged by direct linking with analysis on atomistic scale. 

Let’s emphasize that numerical methods are developed for the solution of the 
complex model problems for which closed solution is impossible to obtain. 
Therefore, success of some schemes in examples for which analytical solution is 
known can be misleading. Consequently, comparison with reliable experimental 
results is still the only and best way to validate any numerical scheme. Moreover, 
some reliable numerical method based on the richer theory can always be consider 
more accurate than some numerical scheme based on simplified mechanical theory. 
These are some of the findings confirmed in the present investigation. 

This monograph is based on the results of author’s scientific investigations in the 
area of the computational mechanics published in the scientific journals over the 
period of 1990 to 2004. The scientific collaboration with outstanding 
aerocosmotechnical engineer, applied mechanician and scientist Prof. dr Mladen 
Berković, started in 1990 and suddenly broken with his premature death in 1999, 
will never be forgotten. 
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CChhaapptteerr  11  PPrriimmaall  ffiinniittee  eelleemmeenntt  aapppprrooaacchh  

To examine the behavior of the solid body under mechanical load F  (see 
Figure 1.1) we may start with the fundamental problem of elastostatics theory in 
classical notation given by equilibrium equation: 

div    in  ρ+ = Ωt b 0 , (1.1) 

and displacement boundary conditions (b.c), which can be zero (homogenous) and 
nonzero (nonhomogenous): 

 on u= ∂Ωu u . (1.2) 

 
Figure 1.1. Solid body under deformation due to the arbitrary mechanical load  

Additionally, boundary conditions per stress, i.e. boundary tractions p , over the 
part of the boundary \t u∂Ω = ∂Ω ∂Ω  may be suppressed (zero (homogenous)) or 
prescribed (nonzero (nonhomogenous)): 

 on t⋅ = ∂Ωt n p  (1.3) 

If it is physically justified that we assume that considered body during deformation 
process behaves geometrically linear (i.e. displacements are small), continuity 
equation which relates displacements u  with second order strain tensor e  over the 
domain of the body Ω  is given by next expression: 

( )T1 grad grad   in  
2

= + Ωe u u . (1.4) 
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In order to have complete system of equation we need the constitutive equation 
which gives us functional dependence between stress and strain due to the 
mechanical load: 

t = eC , (1.5) 

Let’s emphasized that in order to obtain the unique solution of the problem (1.1) 
we must have prescribed boundary condition per displacement or stress over the 
part of the boundary ∂Ω . 

In the above equations, t  is the Cauchy second order stress tensor, where holds: 
ab

a bt ⊗t = g g . Next, ρ  is the material density, and b  are the body forces. The 
, 1,2,3dR dΩ ⊂ =  is open domain of the considered body, where d  being 

geometrical dimension of the problem. u∂Ω  and t∂Ω  are parts of the boundary 
where homogenous or nonhomogenous boundary conditions per  displacements 
and stresses are prescribed, respectively. Further, C  is the elasticity fourth order 
tensor, is given by abcd

a b c dC= ⊗ ⊗ ⊗g g g gC  assumed to be symmetric and positive 
definite. Further, iG  is the base vector of coordinate system iz  in initial 
configuration, while ag  is the base vector of spatial coordinate system aξ  in 
deformed configuration. 

For applying a finite element method one has to reformulate problem (1.1) in a 
variational setting. Let’s denote by u  the trial (unknown) function. Next, let’s v  be 
a test function of a displacement solution variable with property that it should 
vanish on the boundary. The primal variational formulation of problem (1.1) is 
obtained by writing the equilibrium law in a weak form and integrating it by parts: 

d d dρ
Ω Ω ∂Ω

∇ ∇ Ω = ⋅ Ω + ⋅ ∂Ω∫ ∫ ∫u v b v p vC  (1.6) 

Now we will transform our starting problem given in an infinite dimensional space 
to one given in finite dimensional space. The domain of the body Ω  will be 
discretized by the finite element subdomains of beam like, shell like, or brick or 
tetrahedral like shapes. That is, the domain Ω  will be discretized by simple 
geometrical objects, subdomains eΩ , in order to ease the approximation of the 
domain and boundary. 

Over each of the subdomain eΩ  we will define linear, quadratic or higher order 
polynomial shape (base, approximation) functions ( )LP αξ  with local support. 
Namely, if LP  and LV  are two basis functions associated with the nodes 1N  and 

2N , then the supports of the functions LP  and LV  overlap only if 1N  and 2N  
belong to the same element. We may have different types and orders of base 
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functions over the finite element mesh providing that continuity condition [2] 
holds. The finite element has finite number of local nodes 1,L NLN= , where NLN  
is the number of local nodes in finite element (see Figure 1.3).  

Now we may define finite element approximation hu  of the solution variable, in 
present case displacement vector u , over the finite element model with domain 

h e
e

Ω = Ω ≈ Ω∑ : 

, 1,L
h L

e

P L NLN= =∑u u  (1.7) 

By introducing (1.7) in (1.6) we obtain the well known matrix equation of primal 
finite element method, known widely as displacement finite element method, given 
by: 

[ ]{ } { }=K u F . (1.8) 

Above, [ ]K  is a global stiffness matrix, { }u  the solution vector and { }F  is a global 
node load vector. Matrix entries in (1.8) are calculated by: 

( )
( ) ( )

( )

e

e e
L s K ts t L abcd K

L a b d c KK P g C g P dΛ Γ Λ Γ

Ω

= Ω Ω Ω∫  (1.9) 

( ) ( )
( ) ( )

e e

e e
q q M a q M a

a M a M
e e

F g P b d g P p dΛ Λ Λ Λ Λ

Ω ∂Ω

= Ω Ω + Ω ∂Ω∑ ∑∫ ∫  (1.10) 

In the above expressions and further in the text Einstein convention of summation 
on repeated indices is used. Euclidian shifters between convective, natural, 
coordinate system of finite element , 1,2,3αξ α =  and coordinate system at node Λ , 
are given by ( )

a
ug Λ  or ( )q

ag Λ . It holds: /K K a
aP P ξ= ∂ ∂ . Further, ab  and ap  are the 

body forces and boundary tractions in natural coordinates of an element, 
respectively.  

Tensorial invariance of the above expressions will enable us to choose different 
coordinate systems at the global nodes per displacements and stresses and to select 
proper positions of nodal coordinate systems for introduction of stress and 
displacement constraints. Because of the property that base functions have local 
support, the system matrix [ ]K  is sparsely populated by nonzero entries, that is, it 
is sparse, with much more zero than nonzero entries. In the sparsisity of matrix 
equations lies main success of the finite element approach. Namely, sparsisity has 
good influence on the decreasing of the solution time. The lesser number of 
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nonzero entries in each row of the resulting system matrix, the solution time in 
general will be smaller. Otherwise, the greater number of local nodes in each finite 
element, the number of nonzero entries in corresponding rows in system matrix 
will be greater. From that reason, there was a great interest for low–order elements 
in past decades. By (1.8) we now can solve the equations of equilibrium for the 
unknown nodal displacements.  

Other field variables of interest, such as, strains, stresses, stress resultants, strain 
energy densities, etc., remain to be calculated by some of the a posteriori routines, 
so-called recovery routines. [15, 16], which entails a lost of accuracy [17].  

In addition, although it is sometimes very important in engineering calculations, 
the a priori known residual stress field or initial strain field can not be introduced 
directly, i.e. without differentiation, in (1.8). 

If structural behavior of some engineering construction has to be analyzed by the 
finite element method [13, 14], the next steps should be performed consecutively 
(see Figure 1.2): 

 Discretize domain of the body, external loads, and boundary conditions, 
 Approximate material properties, that is, real material with imperfections 

should be represented as an isotropic, orthotropic, or composite or 
functionally graded material, with scale resolution up to at most micron size 
only. It means that we will observe the body from the continuum mechanics 
point of view. 

 Assume best fit constitutive equations for materials of the body. 

Under structural behavior in the present context we assume the determination of 
the displacement and strain or stress field of the thermo-mechanically loaded solid 
body under the consideration (see Figure 1.2). 

 
Figure 1.2. The section of the rotary lime kiln: model problem, FE mesh asd stress field  
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1.1 Finite element and related shape functions 

When a mesh of simplicial elements (triangles or tetrahedra) is used to form a 
piecewise linear approximation of a function, the accuracy of the approximation 
depends on the sizes and shapes of the elements. In finite element methods, the 
conditioning of the stiffness matrices also depends on the sizes and shapes of the 
elements. There are strong mathematical connections between mesh geometry, 
interpolation errors, discretization errors, and stiffness matrix conditioning. 

The generalization of quadrilateral in three-dimensional space is a hexahedron, 
more popularly known in the finite element literature as brick. A brick is 
topologically equivalent to a cube. It has eight corners, twelve edges or sides, and 
six faces. Finite elements with this geometry are extensively used in modeling 
three-dimensional solids. Bricks also have been the motivating factor for the 
development of “Ahmad-Pawsey” shell elements through the use of the 
“degenerated solid” concept.  

The construction of brick shape functions and the computation of the stiffness 
matrix was enormously facilitated by three advances in finite element technology: 
natural coordinates, isoparametric description and numerical integration, which 
revolutionized the finite element field in the mid-1960’s. 
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CChhaapptteerr  22  SSttrreessss  rreeccoovveerryy  

In the elasticity problems, besides the determination of displacements and strains, 
stresses occur as a variable of primary interest. Often, stress prediction is of crucial 
importance in the structural analysis. In the classical finite element method 
displacements are state variables and they are continuous over a model. It is known 
that displacements and stresses are related to each other by constitutive equation 
and that stresses are gradients of displacements (derivative quantities). If 
displacements are forced to have at least 1C  continuity, stresses will be continuous 
also, but it often leads to unrealistically stiff systems and extreme computational 
expense [1]. In the case when 0C  continuity for displacements is assumed, raw 
FEA stresses are discontinuous among interelement boundaries in the finite 
element model. Stress discontinuity is a main problem in the stress results 
interpretation to users that expect continuous stress distribution throughout the 
model. The theory of finite elements is expanded to overcome this ambiguous 
situation and therefore, a new field of stress smoothing procedures and stress 
recovery techniques are introduced [2]. As an attempt to overcome the problem of 
interpretation of the results of numerically discontinuous model of a physically 
continuous system and improve the overall stress results, the numbers of different 
techniques have been proposed [3]. 

From the very beginning of the development and introduction of Finite Element 
(FE) method as one of the basic tools for calculating the response and the 
performance of structures, obtaining of the accurate and unambiguous stress 
picture over the model is a highest priority task. Until now, because of the easy 
computer implementation, relatively simple final expressions and low computer 
time consumption, the most popular way of calculating the behavior of the 
structure has been via h-version of the displacement finite element approach with 
the additional use of constitutive relations for calculating raw FE stresses. 

The main disadvantage of the FE displacement approach (based on the theorem of 
minimum potential energy) is that calculated stresses are generally discontinuous at 
the element interfaces. This basic drawbacks of the displacements finite element 
method in calculated stresses, as displacement derivatives, is due to the fact that 
equilibrium is only satisfied in the mean or over the element, and that along an 
edge, which is common to two elements, the stresses are different across the edge 
instead being continuous. It simply means that, instead of the unique value of the 
stress at the global node of the finite element mesh, we have as many different 
stress values as there are elements connected. Furthermore, the use of low order 
elements results in a low order discontinuous approximation. Consequently, the 
stress accuracy changes from point to point within an element. Also, when a 
number of degrees of freedom in a model are increased, a displacement converges 
to a true value, whereas stress at a point need not converge monotonically. 
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Even more, in the stress concentration areas there is a false picture that even with 
the coarse meshes we have accurate enough stress state, close to the theoretical 
value.  

After the careful and extensive numerical examination it can be concluded that this 
phenomenon is simply due to the oscillatory nature of the finite element stresses 
calculated from FE displacements directly by the Hookean law [4]. 

Since the finite element method provides only the numerical simulation of real 
behavior of the observed physical problem, it is particularly important to have 
reliable stress recovery technique and also, the tools for error estimations (see 
Chapter 4) of, in such a way, calculated stresses. In this chapter, the original stress 
recovery approaches [5-8] will be presented. At variance with others, these 
techniques are based not on the conventionally calculated stresses, but on the 
displacements and global projection of the raw finite element solution. Another 
useful property of the proposed approaches is that all expressions are coordinate 
independent. These features have the following implications. First, a global 
continuous stress field is obtained directly from displacements or raw stresses, and 
second there is a possibility to use different coordinate systems at each global node. 
In the Chapter 3, besides a basic demand of reliability of a mathematical model, the 
question of solution time needed for the prescribed accuracy will be investigated 
also. 

Nevertheless, there are two general classes of the stress smoothing procedures [1, 
2, 3]. If carried out over a whole finite element domain the procedure is known as a 
global smoothing. Local smoothing is performed at each node or small group of 
nodes. One of the simplest local smoothing procedures is the averaging of stresses 
from neighboring elements at a particular common node. For the purpose of the 
present chapter the method is named FEAavrg. There is numerical evidence that 
procedures like global coordinate independent stress recovery techniques evidently 
increases the quality of FE solution and reduces the solution time, at least 
compared with the simplest form of stress averaging, that is arithmetic mean of 
nodal stresses from neighboring elements [5–8]. 

However, all these approaches including also innovative [1, 2] ones, are based on 
the conventionally calculated stresses. Hence, all known approaches are scalar, 
which means that they approximate only one stress component at a time. 

Once when FE model is well-posed [3] it is known that the accuracy of finite 
element analysis depends on the number of elements in the finite elements mesh 
and that quality of a solution can be improved by the mesh refinement. However, 
increase of the mesh density drastically rises the solution time. Obviously, an 
acceptable stress recovery procedure should deliver accurate enough continuous 
stresses over the model in a reasonable time. In addition, derivative recovery 
techniques are used for error estimates in adaptive finite element procedures. 
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A more detailed analysis of a posteriori error estimates will be considered in 
Chapter 3, also. It will be shown that for smoothed solutions, at variance with raw 
finite element solution, the error in energy is not equal to the energy in error, and 
therefore it is dubious to speak about ‘superconvergence’ of recovered derivatives. 
In addition, a minor but useful improvement of one of the most popular error 
estimator is proposed.  

Let’s now recapitulate some of the most common stress recovery techniques in 
finite element method. 

2.1 About some of the known recovery techniques  

One of the earliest attempts to obtain the smoothed stress picture of the model has 
been the averaging of the nodal stresses of all elements connected at a common 
node (In the present chapter FEAavrg). This is a simple and fast procedure, but 
there are numerous examples where cannot be recommended, see [1]. 
Nevertheless, from the contemporary point of view it is a classical technique, 
widely adopted as a reference procedure in numerical examinations. 

Next, the procedure called “consistent conjugate stress calculation” [2] was 
introduced in 1971. This method “...is based on the idea of consistent stress 
approximation and it approximates such stresses using the notion of a domain 
influence of the stress intensity at a nodal point”. This is a global stress smoothing 
method resulting in a set of linear simultaneous equations having well conditioned 
and positive definite matrix. 

Also, procedures named local (with or without reduced integration) and global 
stress smoothing procedures, based on least squares smoothing of the unsmoothed 
data [1] were presented in 1974. Local smoothing procedure is applied to each 
element separately and hence it does not produce smooth stress state of the model, 
so it is rather stress recovery procedure than stress smoothing procedure. Local 
smoothing may be interpreted as a local interpolation/extrapolation scheme using 
the stress values at Gauss points. On the other hand, the global smoothing 
procedure is carried out over the whole finite element model, where element 
smoothing matrices and force vectors are assembled into the overall smoothing 
matrix and force vector. The authors of this technique [1] said that despite “...this 
method produced well conditioned, positive definite matrices – it was found to be 
costly (a re–analysis is necessary) and was not consistently better than nodal 
averaging”. It should be noted that this approach is essentially equivalent to the 
method of conjugate stress approximations outlined above. 

One of the most popular ways of obtaining an improved solution is 
Superconvergent Patch Recovery (SPR) method [3] proposed in 1987. SPR is a 
least square fit of derivatives at superconvergent points. Since SPR solutions do not 
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satisfy the governing equations or equilibrium equations, an improvement was 
introduced so that equilibrium equations are satisfied in a least squares sense and 
this approach is named Superconvergent Patch Recovery using Equilibrium 
conditions (SPRE).  

Using the usual, but questionable (see Chapter 3.) procedure of error analysis, 
where it is assumed that smoothed solution is always a better approximation than 
raw FEA solution, authors concluded that these procedures, which are based on 
local patches of elements, provide superconvergent derivatives over patches of 
elements.  

However, both approaches perform better in the interior domain than on patches 
near boundaries. Assuming that this behavior is due to reason that these methods 
do not intend to satisfy the boundary conditions, the SPREB approach is introduced 
in which the boundary conditions are also taken into account. 

Without going in to the further elaboration, it should be noted that the question of 
time efficiency has been, as a rule, neglected in the validation process of stress 
recovery techniques. There is a general opinion that global projection methods 
increase accuracy, but even more the execution time. The present authors recently 
revisited the problem, and reported satisfactory efficiency of the global stress 
recovery procedures based on the energy and supreme norms [5–8]. 

2.2 Stress recovery procedure based on the known displacements  

At variance with the known approaches, proposed FEDSS (Finite Element 
Displacement type Stress Smoothing) method is based not on the conventionally 
calculated stresses, but on the displacements. This technique is inspired with some 
results in [11], related to the two-field finite element models. Nevertheless, it has 
been shown that similar ideas can be applied in the stress recovery problems.  

It has been shown in [10] that to maintain invariance of the finite element 
approximations under the coordinate transformations, tensorial character of these 
approximations should be strictly respected. A significant novelty of the proposed 
procedure should be pointed out – it is both global and tensorial. These two 
features, along with high accuracy and computational efficiency, are combined in 
the present FEDSS method. 

Proposed method has basic application as a stress smoothing procedure. Since, its 
smoothing scheme is more accurate than that of FEAavrg it can be recommended as 
an error estimator, also. It must be emphasized that tensorial character of 
approximations allows users to state a priori, at all global nodes of model, arbitrary 
coordinate systems for which the continuous stresses will be interpreted.  
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For example, it is particularly useful for the boundary regions of a model, where 
the stresses parallel to the boundary surface can be most important results of the 
analysis, like in the case of the model problem with a hole reported in the 
numerical example  2.2.3. 

Therefore, in the present subsection the new global, coordinate independent 
approximation of continuous displacement field will be presented and applied to 
two-dimensional elasticity problems. Proposed procedure delivers the needed 
accuracy in a significantly shorter time than underlying classical finite element 
analysis. However, as it has been noted in  2.1, many of the global interpolation 
procedures are of the similar accuracy. Nevertheless, the advantage of the present 
algorithm is its flexibility (i.e. possibility to use arbitrary local coordinate systems). 
In addition, it is implemented as a universal postprocessing routine for which the 
input data (displacements) can be taken from any finite element analysis package, 
theory, or experiment. This fact recommends the use of the proposed approach not 
only for the quality assessment of the postprocessing procedures, but also as a 
precise tool in the adaptive mesh refinement algorithms. 

The aim is to obtain system of linear equations with values of known 
displacements on the right side and unknown values of nodal stress components on 
the left side. One can start from linear constitutive equation in the form: 

= :e tA  ( 2.1) 

 

Let us remind that linear strain-displacements equations are given by: 

( )1
2

T= ∇ + ∇e u u  ( 2.2) 

So, similar as in [6], the stress–displacement relationship is in the form: 

( )1
2

T= ∇ + ∇: t u uA  ( 2.3) 

where t is the stress tensor, u the displacement vector, and A  the elastic 
compliance tensor. 

A weak solution of (2.1) one can get by the generating finite element model with 
the averaging Galerkin procedure using stress variations as the test functions, see 
[1]. More, if assumption that stress tensor is symmetric is used: 

( ):  0d
Ω

− ∇ Ω =∫ t t uA  ( 2.4) 
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where Ω  is the domain of a body under consideration. After recasting of all 
quantities in the coordinate form, one obtains the relationship: 

uv q
st uv st qA t B uΓ Γ

Λ Γ Λ Γ=  ( 2.5) 

 

For the the domain Ωe of an element e it holds: 

( ) ( ) ( )

( ) ( ) ( ) ( ) ,
e

e ee
L M

st uv

i k m o
i k m o

L M es t u v

A
z z z z z z z zP P A d

x x x x

Λ Γ Λ Γ

αβγδ
α β γ δΛ Λ Γ Γ

Ω

= Ω Ω ⋅

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
Ω

∂ξ ∂ξ ∂ξ ∂ξ∂ ∂ ∂ ∂∫
 ( 2.6) 

( ) ( ) ( )

( ) ( ) ( )
( ) .e

pq
p

ki

t
k

s
iK

L

e

K

e
L

e
q
st dgg

x
zz

x
z

x
zPPB

e

ΩΩΩ= Γ
ΓΛΛ

Ω

Γ
Λ

Γ
Λ ∫ αβ

βα ∂
∂

∂ξ
∂

∂
∂

∂
∂  ( 2.7) 

In these expressions 
( )

ΩΛ
K

e

 is the incidence matrix which maps global nodes into the 
local nodes of an element; PK  are the local values of shape functions; symbols 

( )g pqΓ  are the components of the contravariant metric tensor at node Γ, indices p, q, 
r, s, t refer to the nodal coordinate system ( )x pΛ  at node Λ;  i, j, k, l are the indices 
of global Cartesian coordinate system zi  of a model; symbols gαβ  are the 
components of the contravariant metric tensor in the interior of an element and 
α, β, γ, δ are the indices of  a local, element coordinate system ξα. Finally, Aαβψδ 
are the contravariant components of the elastic compliance tensor. Omission of the 
index e in (2.6) and (2.7), etc., means global values of the quantities under 
consideration, i.e., simple summation of these. 

In the Cartesian coordinates, applicable for flat two-dimensional and for three–
dimensional configurations, expression (2.3) has the following interpretation: 

( ) ( ) ( )

( ) ( ) ( ) ( ) .
e

e e i j k le
L M

st uv L ijkl M es t u v

z z z zA P A P d
x x x x
∂ ∂ ∂ ∂

∂ ∂ ∂ ∂Λ Γ Λ Γ Λ Λ Γ Γ
Ω

= Ω Ω Ω∫  ( 2.8) 

22..22..11  MMaattrriixx  rreepprreesseennttaattiioonn  ooff  tthhee  pprrooppoosseedd  tteecchhnniiqquuee  

Once when appropriate types of basis functions are chosen and correspondence 
between local and global nodes is evoked along with known displacements as input 
value from FE processing part, when coordinate systems at each global node are set 
(not necessarily different from global coordinate system of a model), next steps are 
assembly of the expressions (2.6) and (2.7), for all elements and all global nodes, in 
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the system matrices and the solution of a system (2.5). Naturally, it is done 
automatically through program code, and only input values required from user are 
position of coordinate systems in global nodes for interpretation of output 
continuous stress results, but only if they are different from global coordinate 
system of a model. Matrix formulation will be made in the same manner as it has 
been done in [11]. Global system of linear equations (2.5) has the following matrix 
representation: 

[ ] { } { }A t B ust uv
uv

st
q

qΛ Γ
Γ

Λ
Γ

Γ= . ( 2.9) 

Matrix [ ]st uvAΛ Γ  is positive definite, symmetric and sparse. This matrix (to avoid 
ill-conditioning) should be integrated by full Gaussian, or eventually Lobatto 
type [3] formulae. 

22..22..22  CCoommppaarriissoonn  wwiitthh  ootthheerr  ssttrreessss  rreeccoovveerryy  mmeetthhooddss  

The numerical results of the present procedure are, up to the order of the rounding 
error, the same as in global stress smoothing methods proposed earlier by Oden and 
Brauchly [2], Hinton and Campbell [3], Zienkiewicz and Zhu [3], despite the fact 
that in the kernel of the system matrices (2.3) and (2.5) we have elastic 
coefficients, while in the aforementioned methods there are only the shape 
functions, PLPM, in the kernel. Of course, the right hand side is also different. 
Anyhow, such identical results are rather unexpected. It should be however pointed 
out that, to get identical results, the same set of the points of numerical integration 
should be taken for both methods. The advantage of the proposed procedure is a 
fact that it can also be used in the case when only the displacements are available, 
either from theoretical considerations, numerical analysis, or an experiment. 

Also, special attention is paid on the tensorial invariance of the corresponding 
expressions. Hence the present formulation allows use of different coordinate 
system at each observed node. Obviously, tensorial invariance can be kept 
independently on the kind of stress smoothing approach [10]. 
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22..22..33  NNuummeerriiccaall  eexxaammppllee  

In this section, a study of quality of the proposed FEDSS stress recovery procedure 
is performed. A well known model problem of the square plate with a circular hole 
[15] is considered in Figure 2.1. This problem is particularly interesting due to the 
stress concentration which occurs at the contour of a hole. Only a quarter of it is 
analyzed due to the symmetry of that system. Isotropic, homogeneous material 
properties and the plane stress behavior are assumed. Modulus of elasticity is 1 and 
Poisson ratio 0.3. Plain isoparametric four-noded quadrilateral elements and 2×2 
Gauss quadrature are used. 

 

1p = −

1p = −

2

1

A Bx

y

 
Figure  2.1 A square plate with a circular hole 

Recovered FEDSS stresses are compared with simple nodal averaged stresses–
FEAavrg. To study the effectiveness of FEDSS method as a stress recovery and 
smoothing procedure two types of analysis were performed. First, Z–Z [3] type 
error indicator versus number of elements, and second, the same indicator as a 
function of the execution time, is examined. 

Numerical studies were made for the sequence of meshes from 1×1 to 38×38. One 
of these (5×5) is shown in Figure  2.2. 

One possible user defined set of coordinate systems, useful for the determination of 
hoop stresses at global nodes is shown on Figure  2.3. 

Next, Figure  2.4 shows a comparison of the error indicators versus the number of 
degrees of freedom. As it can be seen, FEDSS formulation, presented here, is 
significantly more accurate than conventional smoothing FEAavrg. Even more 
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important is a quantitative measure, i.e., the execution time for the accuracy 
required. In Figure  2.5 error indicators related to the time of execution are 
compared. 
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Figure  2.2 Finite element mesh 
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Figure  2.3 User defined coordinate systems 

It can be said that FEDSS stress recovery procedure evidently increases the quality 
of FE solution and reduces the solution time. The error of 5% measured in the 
energy error norm by the use of 1×1 integration rule is achieved twice faster by the 
FEDSS method presented, compared with classical averaging procedure, despite 
the additional time necessary for the solution of (2.5) for stresses. Note that 
quantitative results (accuracy in the function of the solution time) can seldom be 
found in the available references on the postprocessing procedures.  

For regular stress estimates it isn’t enough to determine just a convergence over the 
elements, but point wise convergence also. It is due to reason that isoparametric 
quadrilateral elements have incomplete polynomials in their bi–linear basis 
functions, and such elements are incapable to reproduce the real behavior of stress 
field over the elements. It can be seen on Figure  2.6, that stress state at point A, 
obtained with a present procedure and via Hookean law, as the mesh is refined 
oscillate about the theoretical value of 10.39, but approaching it for very fine mesh. 

Further, Figure  2.7 shows a comparison of the relative percentage error versus the 
number of degrees of freedom. As it can be seen, FEDSS formulation presented 
here is, especially for reasonably dense (more than 5×5), meshes significantly more 
accurate in the energy error norm than conventional smoothing, i.e. simple 
averaging of the stresses at nodes, FEAavrg. 
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Figure  2.4 Error indicators versus mesh density 
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Figure  2.5 Error indicators versus execution time 
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Figure  2.6 Point wise convergence 
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Figure  2.7. Energy error norm versus mesh density 
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It is also interesting to study the convergence rates for both procedures. From the 
Figure  2.8 it is evident that the convergence rate of FEAavrg is somewhat higher 
than 1% (for dense meshes) while for FEDSS approaches 1.5%.  

Even more important is a quantitative measure, i.e. the execution time for the 
accuracy required. In Figure  2.9 relative errors related to the time of execution are 
compared. It can be said that FEDSS stress recovery procedure, for finer meshes 
even reduces the total solution time, despite the additional time necessary for the 
solution of (2.5) for stresses. In fact, if an error in the energy norm smaller than 6% 
is required, the proposed FEDSS procedure is more efficient than simple 
averaging. 
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Figure  2.8 Energy convergence rates 
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Figure  2.9  Energy error norm versus execution time 



Stress recovery   29 

Mijuca D. On Primal-Mixed formulation in Elasticity and Thermoelasticity 

Obviously, for the practical stress estimates it is not enough to check just a global 
energy convergence, but also the local convergence in e ∞  norm, especially in the 
regions of high stress concentrations. It can be seen on Figure  2.10 that hoop stress 
at A, obtained either by the present FEDSS procedure ( 2.5) or by FEAavrg via 
Hookean law ( 2.1), as the mesh is refined overcomes the theoretical value of 10.39, 
gradually approaching it from above, for very fine meshes.  

For coarser meshes directly calculated stresses converge (Figure  2.10-Figure  2.12) 
seemingly faster than FEDSS stresses. However, for meshes finer than 10×10 
(Figure  2.11 and Figure  2.12) the supremum norm error tends to be almost an order 
of magnitude smaller when the stresses are recalculated by the use of the FEDSS 
procedure.  

It is also noteworthy that maximum local stresses are much more accurate than an 
average stress error estimated on the basis of the energy norm (Figure  2.12 and 
Figure  2.13). This behavior of the FE solution is obviously very desirable from the 
practical point of view. 
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Figure  2.11 Stress convergence at node A for finer meshes 
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Figure  2.13 Stress error at node A versus execution time 

2.3 Stress recovery procedure based on the known stresses 

In the present chapter the efficiency (accuracy versus execution time) of the 
FEGSS (Finite Element Global Stress Smoothing) procedure is examined. After 
testing of the present global method on several numerical examples it can be 
concluded that global projection is definitively superior, at least compared with 
local stress averaging, also with respect to the computer execution time for the 
accuracy required. Furthermore, when the model problem is three–dimensional or 
flat two–dimensional one, the global FEGSS method can be re–established in the 
disjoint form and in this particular, but very common case, we have stress recovery 
procedure significantly more efficient than global FEGSS or simple averaging. 

In this section the FEGSS global stress smoothing procedure first announced in [7, 
8] will be shortly described. This procedure is a generalization of the method 
proposed in [3] as an error estimation technique, but enriched with the property of 
coordinate independence, according to the tensorial character of finite element 
expressions first suggested in [10]. 

Let Ch be the again the finite element partitioning of the domain of the model 
problem Ω  into the assembly of finite elements { }K e Ne= =Ω , , . . .,  1 . Because we 
already know discontinuous stresses ht , it is customary to project them onto some 
suitably chosen finite element space hT  consisting of continuous functions.  
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This can be done by letting ( ) ( ){ }  ,   h K hT s C s R K K C= ∈ Ω ∈ ∀ ∈ , where RK are the 

interpolation functions, and then defining the smoothed stresses [ ]n n
h hTσ ×∗ ∈  

through: 

( ) ( ) [ ]t s t s sh h h
n n

T∗ ×
= ∀ ∈, , ,     ( 2.10) 

A weak solution of ( 2.10) one can get by the Galerkin procedure using stress 
variations as the test functions. Finite element approximations are introduced 
similarly as in [12]. After recasting of all quantities in the coordinate form, one 
obtains the relationship: 
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In these expressions 
( )e

L
ΛΩ  is the incidence matrix which maps global nodes into the 

local nodes of an element; KP  are the local values of shape functions.  

Further indices i , k  are the indices of global Cartesian coordinate system iz ; 
symbols ( )g pqΓ  are the components of the contravariant metric tensor at node Γ ; 
indices s , t , u , v  refer to the nodal coordinate system ( )x pΛ  at node Λ ; a , b  are 
the indices of  a local, element coordinate system aξ . Omission of the index e  in 
( 2.12), ( 2.13), etc., means global values of the quantities under consideration, i.e., 
simple summation of these. 

In the Cartesian coordinates, applicable for flat two-dimensional and for 
three-dimensional configurations, where coordinate systems in all global nodes are 
parallel with global coordinate system of a model, expressions ( 2.12) and ( 2.13) 
have the following simplified interpretation: 

( ) ( ) ( )
V P P dst uv

e
L

e
M

e

L sv tu M e
e

Λ Γ Λ Γ
Ω

Ω Ω Ω= ∫ δ δ  ( 2.14) 
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( ) ( )
P P P dst

e
L

e

L K is kt
Kik

e
e

Λ Λ
Ω

Ω Ω= ∫ δ δ σ  ( 2.15)  

In this case global FEGSS method can be reestablished in the disjoint form 
allowing separate calculation of each stress component at the time, In the present 
chapter FEGSS&ECS (Finite Element Global Stress Smoothing of Each 
Component of stress Separately). In addition, formulation ( 2.11) allows 
introduction of the stress boundary conditions as the essential ones. 

22..33..11  NNuummeerriiccaall  eexxaammpplleess  

In this section, the time efficiency of the proposed FEGSS stress smoothing 
technique is illustrated by means of a plane stress numerical example. The problem 
of a square plate with a circular hole [15] is shown in Figure 2.1 and Figure 2.2. 
Isotropic, homogeneous material properties and the plane stress behavior are 
assumed. Modulus of elasticity is 1 and Poisson’s ratio 0.3. Plain isoparametric 
four-noded quadrilateral elements and 2×2 Gauss quadrature are used. 

Recovered FEGSS and FEGSS&ECS stresses are compared with simple nodal 
averaged stresses–FEAavrg. To study the effectiveness of these methods as a stress 
recovery and smoothing procedures two types of analysis were performed. First, 
strain energy versus number of elements, and second, the execution time needed for 
a specified mesh. 

First column in Table 2.1 represents the number of elements along side AB of a 
model. Second column stands for the work of the external forces. FEGSS strain 
energies are written in the third column. In the fourth column, there are the strain 
energies of raw FEA solutions (theoretically and practically equal to the work of 
the external forces). FEAraw means that stresses are directly calculated from 
displacements, using the well known relationships of elasticity.  

Finally, in the fifth column there are strain energies of solutions obtained by simple 
local averaging–FEAavrg. From Table 2.1 it can be concluded that the raw FEA 
solution strain energy is more accurate than strain energy calculated with stresses 
obtained via either of stress smoothing approaches, FEAavrg or FEGSS (the 
converged value of energy is about 3.5828). Nevertheless, one can said that under 
the accuracy estimation based on strain energy, FEGSS method is superior than 
FEAavrg. There is no column for FEGSS&ECS strain energy since it is same as 
one of FEGSS approach. 
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Let's explain now the notations in Tables 2.1 and 2.2. PROCESSING stands for FE 
displacement method execution time. ASSEMB denote the time needed for the 
assembly of the system matrix and system vectors of the present methods. 
TRIANG denote execution time needed for triangularization of a square, sparse 
system matrix. BACK.SUB. stands for back substitution. Finally, TOTAL denotes 
sum of columns ASSEMB, TRIANG and BACK.SUB. One can see that 
FEGSS&ESC back substitution time is unexpectedly large since it represents back 
substitution time for all three stress components, where read/write operations on 
disk were extensively used. This is a part of procedure which probably can be 
improved. Because time executions are given it should be noted that all this 
calculations are performed in 1993. 

On the beginning of the analysis it should be noted that time needed for FEAavrg 
stress recovery approach is negligible since it is about 30 seconds for the finest 
observed mesh and as such it is not included in the table. Bearing that in mind, let’s 
perform a little investigation. For the example let’s see execution times for the 
prescribed accuracy of approximately 3.572. By FEAavrg approach that accuracy 
is reached with 38 elements along the side AB and for this mesh execution time is 
1790 seconds (1759.21+30). On the other hand, from the given results it is evident 
that by the FEGSS method that accuracy is obtained with 29 elements along side 
AB and for the elapsed time of 1614.91 seconds (processing time plus stress 
recovering time). Finally, FEGSS&ECS approach gives chosen accuracy with 
same number of elements as FEGSS (29 along side AB) and execution time of 
699.69 seconds. Hence, from Table 2.3. one can draw a conclusion that approach 
FEGSS&ECS is more than twice less time consuming than FEGSS or FEAavrg 
approaches. 

After testing of the present global FEGSS method on several numerical examples, 
we can conclude that despite the additional time needed for solving the resulting 
system of linear equations, proposed procedure evidently increases the quality of 
FE solution.  

In addition, for finer meshes, can even reduce the total solution time, at least 
compared with the simplest form of stress averaging, i.e. the arithmetic mean of 
nodal stresses from neighboring elements [14]. Moreover, when our model 
problem is a three–dimensional or flat two-dimensional one, Cartesian coordinates 
can be used for either global and local references, and the global FEGSS method 
can be re-established in the disjoint form FEGSS&ECS, allowing separate 
calculation of each stress component. There is a numerical evidence that in this 
particular but very common case, we have stress recovery procedure significantly 
more efficient than with global FEGSS or simple averaging. 
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model W=uF UFEAraw UFEAavrg UFEGSS 

1 2.389765 2.389760 3.298759 2.332027 

2 2.902061 2.902056 3.067868 2.775204 

3 3.187733 3.186986 3.180277 3.044926 

4 3.333224 3.333224 3.261839 3.217106 

5 3.413212 3.413215 3.324800 3.322087 

6 3.460997 3.460995 3.373383 3.389257 

7 3.491373 3.491371 3.410521 3.433991 

8 3.511685 3.511686 3.439041 3.464986 

9 3.525977 3.525977 3.461330 3.487342 

10 3.536479 3.536481 3.479055 3.504045 

11 3.544303 3.544303 3.493219 3.516719 

12 3.549196 3.547682 3.504696 3.524110 

13 3.555022 3.555022 3.514170 3.534410 

14 3.558821 3.558820 3.522062 3.540754 

15 3.561863 3.561863 3.528650 3.545904 

16 3.564338 3.564338 3.534204 3.550141 

18 3.568169 3.568169 3.543075 3.556728 

20 3.570923 3.570923 3.549733 3.561511 

24 3.574525 3.574524 3.558870 3.567838 

25 3.575169 3.575169 3.560563 3.568979 

29 3.577118 3.577118 3.565814 3.572450 

30 3.577487 3.577487 3.566769 3.573047 

32 3.578126 3.578125 3.568618 3.574259 

35 3.578888 3.578887 3.570681 3.575531 

36 3.579101 3.579100 3.571396 3.576019 

38 3.579477 3.579270 3.572488 3.576495 

Table 2.1. Work of the external forces W and strain energies U. 
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486/133MHz, 16Mb RAM     FE+FEGSS&ECS recovery 

model processing assembling triangulation back substitution total 
1 0.54 .00 .06 .05 .11 

2 1.32 .00 .11 .17 .28 

3 2.15 .00 .16 .33 .49 

4 3.02 .00 .22 .61 .83 

5 4.06 .00 .32 .88 1.20 

6 5.61 .00 .49 1.26 1.75 

7 7.58 .00 .66 1.70 2.36 

8 9.51 .06 .83 2.20 3.09 

9 12.79 .05 1.10 2.75 3.90 

10 19.17 .05 1.42 3.30 4.77 

11 27.85 .06 1.76 12.25 14.07 

12 38.67 .11 2.36 14.34 16.81 

13 45.48 .06 2.97 16.42 19.45 

14 56.14 .11 3.62 19.78 23.51 

15 67.00 .11 4.50 21.59 26.20 

16 82.84 .11 5.38 25.43 30.92 

18 116.67 .17 7.14 29.77 37.08 

20 155.06 .16 10.43 37.08 47.67 

24 286.55 .27 17.41 53.00 70.68 

25 332.57 .33 20.98 58.77 80.08 

29 574.35 .44 33.34 91.56 125.34 

30 666.90 .44 39.44 111.66 151.54 

32 858.49 .55 48.06 111.01 159.62 

35 1246.70 .61 68.05 134.79 203.45 

36 1403.29 .66 75.03 144.84 220.53 

38 1759.21 .72 92.55 167.19 260.46 

Table 2.2 Execution time of FEGS&ECS stress recovery approach 
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486/133MHz,16Mb RAM           FE+FEGSS recovery 

model processing triangularization back substitution total 

1 0.54 .11 .11 .22 

2 1.32 .22 .27 .55 

3 2.15 .50 .44 1.05 

4 3.02 .94 .71 1.87 

5 4.06 1.42 1.05 2.86 

6 5.61 2.42 3.35 6.38 

7 7.58 3.79 6.65 11.20 

8 9.51 5.76 9.40 16.21 

9 12.79 8.52 11.20 21.04 

10 19.17 12.14 12.80 26.58 

11 27.85 16.81 15.21 33.94 

12 38.67 23.18 17.46 42.95 

13 45.48 31.37 22.19 56.31 

14 56.14 41.30 23.56 68.10 

15 67.00 54.05 27.62 85.29 

16 82.84 69.98 31.36 105.46 

18 116.67 110.62 41.42 157.26 

20 155.06 177.02 55.59 239.14 

24 286.55 384.10 80.90 474.23 

25 332.57 465.22 91.78 567.11 

29 574.35 899.63 127.42 1040.56 

30 666.90 1055.78 140.72 1211.06 

32 858.49 1410.43 161.48 1588.33 

35 1246.70 2149.40 203.88 2373.05 

36 1403.29 2438.09 219.97 2678.82 

38 1759.21 3153.49 257.11 3434.00 

Table 2.3 Execution time of FEGSS stress recovery approach 
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CChhaapptteerr  33  EEnneerrggyy  NNoorrmm  aanndd  ZZ––ZZ  eerrrroorr  eessttiimmaattoorr  

In the present chapter, some details of the problem of a posteriori error estimates 
are reconsidered. It has been shown that for smoothed solutions, at variance with 
raw finite element solution, the error in energy is not equal to the energy in error. 
Consequently, it is dubious to speak about ‘superconvergence’ of recovered 
derivatives. Nevertheless, it has been found that so–called Z–Z error estimator 
(error in energy of smoothed with respect to raw finite element solution) is a useful 
procedure for estimation of the error of the raw finite element solution, which also 
can be further improved. 

3.1 Introduction 

There is numerical evidence that, at least for four noded isoparametric elements, 
any stress recovery procedure is less accurate in strain energy than direct FEA 
(Finite Element Analysis). There are two general classes of the stress smoothing 
procedures [1, 2]. If carried out over a whole finite element mesh, the procedure is 
known as a global smoothing. Local smoothing is performed at each node or small 
group of nodes, per instance by averaging of the stresses from neighboring 
elements at a particular common node. 

The main disadvantage of the FE displacement approach (based on the theorem of 
minimum potential energy) is that calculated stresses are generally discontinuous at 
the element interfaces. It simply means that, instead of the unique value of the 
stress at the global node, we have as many different stress values as there are 
elements connected. Furthermore, the use of low order elements results in a low 
order discontinuous approximation. Therefore, the stress accuracy changes from 
point to point within an element. As an attempt to overcome the problem of 
interpretation of the results of numerically discontinuous model of a physically 
continuous system and improve the overall stress results, the numbers of different 
techniques have been proposed. One of the earliest attempts to obtain the smoothed 
stress picture of the model has been the averaging of the nodal stresses of all 
elements connected at a common node. This is a simple and fast procedure, but 
numerous examples were reported where cannot be recommended [1]. 
Nevertheless, from the contemporary point of view it is a classical technique, 
widely adopted as a reference procedure in numerical examinations.  

Next, the procedure called “consistent conjugate stress calculation” [2] was 
introduced in 1971. This method “...is based on the idea of consistent stress 
approximation and it approximates such stresses using the notion of a domain 
influence of the stress intensity at a nodal point”. This is a global stress smoothing 
method resulting in a set of linear simultaneous equations having well conditioned 
and positive definite matrix.  
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Some times later, in 1987, Zienkiewicz and Zhu have been shown that ‘smoothing’ 
procedures and a posteriori error estimation are closely related, and proposed so–
called Z–Z error estimator, based on smoothing procedures. 

In the present chapter, after a wider analysis of a class of smoothing procedures, we 
will reconsider two of classical and typical approaches, simple averaging and 2L  

projection, and discuss their merits in error estimation and post-processing fields. 

3.2 Preliminaries 

We let Ω ⊂ nR , where  n = 2 3or , denote an open bounded Lipschitzian domain 
with piecewise smooth boundary ∂Ω . In the problems considered here, working in 

2R  rather than in 3R  is not restrictive and extensions are generally straightforward. 
Hence, we can present our examples in a two–dimensional setting for the sake of 
simplicity.  

The classical equations governing equilibrium of a material body occupying a 
region Ω  are, 

   in ,
             on ,

( )      on 
u

t

+ = Ω
= ∂Ω

⋅ = ∂Ω

t f
u w
t u n p

div 0
 ( 3.1) 

where t  is the symmetric stress tensor while f  is the vector of body forces, u  
denotes a displacement vector, n  a unit exterior normal to a boundary. 
Furthermore, u∂Ω  and t∂Ω  are the Dirichlet and Neumann portions of the 
boundary ∂Ω , and w  and p  are the displacements and tractions prescribed on 
these portions respectively.  

The strain–displacement relations and the constitutive equations are given by: 

2 ( ) , ( )T= ∇ ∇ =e u u+ u t u e C  ( 3.2) 

where C  is the elasticity tensor. We define 1( ) { ( ( )) : 0 on }n
uV HΩ = ∈ Ω = ∂Ωv v  

where H1 is, as usual, the space of all functions having square integrable gradients.  

Then, the variational formulation of the boundary value problem (3.1) is 

Find ( ) such that ( )
( , ) ( )

V V
a

∈ Ω ∀ ∈ Ω
= l

u v
u v v

 ( 3.3) 
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where, the bilinear form  : ( ) ( )Ω × Ω →a V V R  and the linear form  : ( )V RΩ →l  are 
given by the following expressions, note that ( , ) 2 ( )a U=u v v  is the twice the strain 
energy: 

( , ) ( ) ( ) ,

( )  
Ω

Ω ∂Ω

= Ω

= ⋅ Ω + ⋅ ∂Ω

∫
∫ ∫

u v e u e v

v f v t vl
t

t

a d

d d

: C
 ( 3.4) 

Note that ( )( , ) 2=u va U v  is the twice the strain energy. 

3.3 Finite element model 

We next summarize finite element approximations of ( 3.3). The domain Ω  is 
covered by finite subdomains KΩ  over which piecewise continuous polynomial 
approximations hu  are performed. The suitable finite element space will be defined 
as 

{ }( )   ( ) ,  = ∈ Ω ∈ Ω ∀Ω ⊂ Ωu u
Kh h h p K KK

V V P  ( 3.5) 

The restrictions of the finite element approximation hu  to an element KΩ  belong to 
the space 

KpP  of polynomials of degree Kp  over KΩ . The finite element 

approximation of ( 3.3) obtained in the space hV  is characterized by the discrete 
problem 

Find ( ) such that ( )
( , ) ( )

h h h h

h h h

V V
a

∈ Ω ∀ ∈ Ω
= l

u v
u v v

 ( 3.6) 

3.4 Energy of error and error of energy 

As it has been noted in [3], p. 40, if ( 3.3) holds for all v , it holds for every vh  in 
hV , and subtracting ( 3.6) the result is 

( , ) 0        ( )h h h ha V− = ∀ ∈ Ωu u v v  ( 3.7) 

i.e. the error h−u u  is orthogonal to hV . Equivalently, with respect to the energy 
inner product a , hu  is the projection of u  onto hV . It follows from ( 3.7) that 

( , ) ( , )h h ha a=u u u u , and the Pythagorean theorem holds: The energy of the error 
equals the error in the energy, 
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( ) ( ) ( ), , ,a a a− − = −h h h hu u u u u u u u  ( 3.8) 

Since the left side is necessarily positive, the strain energy in uh  always 
underestimates the strain energy in u : 

( , ) ( , )h ha a≤u u u u  ( 3.9) 

3.5 Stress projection 

Using (3.2b), a  from ( 3.4) can be rewritten as 

( , )  ( ) ( )a d
Ω

= Ω∫ :u v t u t vA  ( 3.10) 

where A C= −1 is the elastic compliance tensor. Because we know discontinuous 
stresses  

( )h h= ∇t u uC  ( 3.11) 

it is customary to project these onto some suitably chosen continuous finite element 
space  

{ }( )    ( ) ,  = ∈ Ω ∈ Ω ∀Ω ⊂ ΩS  S
Kh h h p K KK

Q Q P  ( 3.12) 

The restrictions of the finite element approximation hu  to an element KΩ  belong to 
the space PpK

 of polynomials of degree Kq  over KΩ . The projection of th  onto 

hQ  is characterized by the discrete problem 

Find ( ) such that ( )

( , ) ( , )

∈ Ω ∀ ∈ Ω

=

t S

t S t S

L
h h h h

L
h h h h

Q Q

a a
 ( 3.13) 

From ( 3.13) it follows that ( , ) ( , )L
h h h ha a=t t t t  and again, analogously to ( 3.8) 

( , ) ( , ) ( , )L L L L
h h h h h h h ha a a− − = −t t t t t t t t  ( 3.14) 

i.e. the energy of error of the projected t L
h  with respect to the raw finite element 

solution ht  equals the error in the energy of these solutions. Furthermore, since the 
left side ( 3.14) is necessarily positive 

( , ) ( , )L L
h h h ha a≤t t t t  ( 3.15) 
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or, as it has been said by Strang and Fix [3] p. 51, ‘. . . projection cannot increase 
energy’.  

It is also simple to show that in the inner product space hQ  function closest to a 
given ht  is always the projection of ht  onto hQ . For any ( )h hQ∈ ΩR : 

( , ) ( , ) 2 ( , ) ( , )L L L L L
h h h h h h h h h h h h h h ha a a a− − − − = − − − − +t t R t t R t t t t t t R R R  

If ( 3.13) holds, then 

( , ) ( , )L L L L
h h h h h h h h h ha a− − ≤ − − − −t t t t t t R t t R , 

or simply 

( , ) inf ( , )
h h

L L
h h h h h h h hS Q

a a
∈

− − = − −t t t t t S t S  ( 3.16) 

3.6 Energy error and energy norm 

The error in energy Ee  can be defined as the difference between the energies of 
exact t  and approximate P  stress fields, 

( , ) ( , )Ee a a= −t t P P  ( 3.17) 

The appropriate energy (error) norm e E   follows from 

2 = ( , ) ( , )
E

e a a−t t P P  ( 3.18) 

Note that ( 3.18) is valid for any kind of approximate solution P . It is also 
convenient to introduce the notion of the relative energy (error) norm or precision 

Eη  of the strain energy as 

2
2

( , )
E

E

e
a

η =
t t

 ( 3.19) 
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33..66..11  FFiinniittee  eelleemmeenntt  eenneerrggyy  nnoorrmm  

In the special case of the finite element solution when ( )h h=P t u , note ( 3.9), 

2

0
= ( , ) ( , )h hEh

e a a−t t t t  ( 3.20) 

Moreover, due to ( 3.8) and ( 3.10) 
2 2

0
= ( , ) ( , )h hEh Eh

e e a a= −t t t t  ( 3.21) 

At this point it should be noted that ( 3.21) and ( 3.21) are equivalent iff  hu  is the 
projection of u  onto hV  ( 3.7) and, at variance with ( 3.19), are valid only in this 
special case. The precision of the finite element strain energy can be determined 
from expressions 

2 2
2 20
0 ;

( , ) ( , )
Eh Eh

Eh Eh

e e
a a

η η= =      
t t t t

 ( 3.22) 

33..66..22  EEnneerrggyy  nnoorrmm  ooff  tthhee  ssmmooootthheedd  ffiinniittee  eelleemmeenntt  ssoolluuttiioonn  

The error in energy of the smoothed finite element solution h hQ∈S  referred to the 
original (raw) solution ( )ht u  can be defined as the difference between the energies 
of raw ht  and smoothed hS  solutions, 

( , ) ( , )EhS h h h he a a= −t t S S  ( 3.23) 

The corresponding relative error will be 

( ),
EhS

EhS
h h

e
a

Η =
t t

 ( 3.24) 

The appropriate energy norm will be given, in the accordance with ( 3.19), by 
2 ( , ) ( , )h h h hEhs

e a a= −t t S S  ( 3.25) 

Consequently, the precision follows from 
2 =Ehs Ehsη Η  ( 3.26) 
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If we consider averaged solution, A
h h=S t , the appropriate expressions can be 

obtained from (( 3.23), ( 3.25) etc.) by the simple replacement of hS  by A
ht , and/or 

of indices S by A. 

In the special case when L
h h=S t  is a projection of the raw finite element solution 

ht  ( 3.13), one can write that 

2

0
= ( , ) ( , )L L

h h h hEhL
e a a−t t t t  ( 3.27) 

and 
2 = ( , ) ( , )L L

h h h hEhL
e a a−t t t t  ( 3.28) 

The relative energy (error) norm or precision ηEhL
2  of the strain energy as the 

energy of error of the projected L
ht  with respect to the raw finite element solution 

ht  follows from: 

2
2

( , )
EhL

EhL
h h

e
a

η =
t t

 ( 3.29) 

3.7 Zienkiewicz–Zhu (Z–Z) error estimator 

On the basis of the exhaustive computational evidence, Zienkiewicz and Zhu [4] 
concluded that ( 3.28) is numerically close to ( 3.20), at least for the low order 
elements. The motivation and plausible explanation of this fact has been numerical 
closeness of the exact t  and projected finite element solution L

ht . Moreover, it has 
been soon recognized that for the error estimates, global projection procedure is 
unnecessary, if not contra productive, and simple averaging or more or less 
equivalent local procedures are sufficient [5,6].  

Analytical validation of Z–Z (error estimators based on recovery techniques), based 
mainly on their equivalence with residual estimators, is also available [7,8]. 
Anyhow, Z–Z type error estimators can be defined by the expression 

2 = ( , )h h h hZ Z
e a

−
− −t S t S  ( 3.30) 

and the hypothesis of Zienkiewicz and Zhu is that 
2 2

Eh Z Z
e e

−
≈  ( 3.31) 
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Analogously to ( 3.30) one can also introduce the notion of the relative value of 
error estimator 

2
2

( , )
Z Z

Z Z
h h

e
a

η −
− =

t t
 ( 3.32) 

and the relationship similar to ( 3.32): 
2 2
Eh Z Zη η −=  ( 3.33) 

Note that, due to ( 3.9),  ( 3.33) is not only more meaningful, but also more reliable 
estimate of error, because ‘ . . . , it would be desirable to overestimate rather than 
underestimate the exact error . . .’ [6]. 

3.8 Numerical example 

The problem of the rectangular in–plane loaded plate with the prescribed 
displacements is borrowed from [9]. Rectangular domain determined by the points 
(0,0), (2,0), (2,1) and (0,1) is considered. Modulus of elasticity is E = 1 and 
Poisson’s coefficient ν = 0. Analytical displacements are given by the relationship: 

( )( ) ( )( ).11 
4
3 

3
1 1012 

2
3 

3
2 xyyyyyxxxxvu +−⎟
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⎞

⎜
⎝
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⎝
⎛ −++−⎟

⎠
⎞

⎜
⎝
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⎠
⎞

⎜
⎝
⎛ −==

 ( 3.34) 

Exact strains and stresses are calculated from the expressions of elasticity. For the 
plate thickness 1, the total strain energy is 5.29563. From the Figure  3.1 it is 
evident that raw finite element solution Th  is superior over the projected solution 
Th

L, as long as strain energies are considered. This behavior already should be 
expected due to the inequality ( 3.15).  

Smoothed solution obtained by simple averaging of nodal stress values, S Th h
A= , is 

even worse, as it should be expected on the basis of ( 3.16). Of course, one can ask 
the question why to make smoothing at all – if the result (in the strain energy) is 
always worse than raw finite element solution. However, the smoothed solutions, 
although accompanied with a larger overall (energy) error, have this error more 
evenly distributed and hence, as a rule, nodal errors of smoothed derivatives are 
smaller. 
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Figure  3.1 Convergence of energy 

Afterwards, the smoothed solutions are more ‘user friendly’, because allow a 
construction of a better, more realistic, smooth visual model of the stress state for 
the problem under consideration. 

On the next graph, Figure  3.2, the convergence of the error norms for the 
aforementioned models is shown. It is evident that, the energy of error of the finite 
element solution ( 3.21) is equal to the error in energy ( 3.21). In this and in 
subsequent figures the relative percentage values of energy error norms are shown, 
(expressed per cent of the theoretical value of strain energy), i.e. 100 %η × . 
However, such equivalence does not appear when smoothed stress fields are 
considered, because these fields are not orthogonal projections of the exact solution 
onto the finite element subspace. As it should be expected on the basis of the 
Figure  3.1, the errors of energy ELη  and EAη  of both the projected Th

L   and 
averaged Th

A   respectively replacing P  in ( 3.19), are evidently larger than the error 
in energy of the raw finite element solution ( 3.22).  
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In contrary, the energies in error for these solutions, REAη  and RELη , both based on 

2 ( , ) / ( , )RES h ha aη = − −t S t S t t  ( 3.35) 

with hS  replaced by A
ht  and L

ht  respectively, are unexpectedly smaller than 

EHEh Oηη =  ( 3.23) for the raw finite element solution. 

Of course, the question remains why the solution numerically closer to the exact 
one, is worse in strain energy? A physical explanation can be that a smoothed 
solution has larger error in satisfying the essential equations of a problem ( 3.1) and 
( 3.2) than the finite element solution. Finally, it is interesting to note that graphs of 
the type REAη  and RELη  are often used as proofs of the superiority of various 
recovery procedures [5,10,11]. 

On the Figure  3.3, the Z–Z energy error estimators  ( 3.33) based on averaged 
and projected stress fields (in fact, the energies of error of these solutions with 
respect to the finite element solution) i.e. η ηZ Z

A
Z Z
L

− − and  respectively, are compared 
with the corresponding errors in energies EhLOη  ( 3.30) and η0EhA   based on ( 3.27) 
with hS  replaced by Th

A . 

First of all, it is interesting to note that ηEhL
2  and η0

2
EhL  practically overlap – because 

Th
L is a projection of the finite element solution Th  onto the continuous finite 

element space (see  ( 3.15)). In contrary, for the averaged solution Th
A  the 

energy of  error with respect to the raw finite element solution  ηZ Z
A
−  and the 

corresponding error in energy η0EhA   are entirely different, either in the accuracy 
and in the convergence rate. 

Nevertheless, the values of Z–Z error estimators ηZ Z
A
−   and ηZ Z

L
−   for the averaged 

and projected solutions respectively are very close. Hence, one can conclude that 
the calculation of Z–Z estimators is a robust procedure, not only with respect to the 
choice of sampling points [8], but also with respect to the choice of the smoothing 
procedure. 
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On the Figure  3.4 we can see that the relative error of the finite element solution, 

ηηOE  or Ehη  ( 3.23), is extremely well represented by ηZ Z
A
− ,, i.e. by Z–Z error 

estimator based on the averaged solution, while Z–Z error estimator based on the 
on the projected values ηZ Z

L
−  also converges asymptotically to the relative error of 

the finite element solution. Hence, one can conclude that, as long as error estimates 
are our concern, it is sufficient, and can be recommended, to use averaged 
solutions, i.e. ηZ Z

A
−  estimator.  
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Therefore, we can conclude the investigation that presently there is a common 
opinion that projected, or even arbitrarily smoothed stress fields are ‘more 
accurate’ than raw finite element solution.  

However, in the present chapter it has been shown, both analytically and 
numerically, that the strain energy of the projected (i.e. the best approximate for the 
given finite element space) solution is necessarily more in error than that of finite 
element solution. In addition, a minor but useful improvement of Z–Z error 
estimator is proposed, i.e. the use of its relative Z Zη −  instead of absolute 

-Z Z
e   

value.  
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A practical recommendation based upon the present chapter is that for the error 
estimates, and their eventual use for the adaptive remeshing, simple averaging, or 
eventually similar local procedures, are sufficient. This conclusion is also in the 
accordance with the results of some other researchers [6]. However, global 
projection is preferable as a smoothing (post-processing) procedure, at least in the 
comparison with simple averaging [12]. 
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CChhaapptteerr  44  PPrriimmaall--mmiixxeedd  ffoorrmmuullaattiioonn  

A new original three-dimensional multifield finite element approach for analysis of 
isotropic and anisotropic materials in linear elastostatics, derived from primal–
mixed variational formulation based on Hellinger-Reissner’s principle, is presented 
in this chapter. The novel properties are stress approximation by the continuous 
base functions, introduction of stress constraints as essential boundary conditions, 
and initial stress/strain field capability. It will be shown that resulting hexahedral 
finite element HC8/27 satisfies mathematical convergence requirements, like 
consistency and stability, even when it is rigorously slandered, distorted or used for 
the nearly incompressible materials. In order to minimize accuracy error and enable 
introductions of displacement and stress constraints, the tensorial character of the 
present finite element equations is fully respected. The proposed finite element is 
subjected to the number of standard pathological tests in order to test convergence 
of the results. Key words of the present chapters are: Finite elements, 3D problem, 
Multifield, Reliability, Elasticity, Geometric invariance 

The main objective was to develop a new hexahedral (brick) finite element that can 
reliably approximate behavior of solid bodies of arbitrary geometry and material 
characteristics. The main motive is found in the possible need for the hexahedral 
finite elements that can reliably and simultaneously approximate displacements and 
stresses, even in the analysis of thin and thick solid bodies under the limit 
conditions. Further, the motive is also found in the known problem of connecting 
the finite elements of different dimensionality, i.e. when a model problem has 
geometrical transitions from solid to thick or thin. Consequently, present goal is to 
present hexahedral finite element that can approximate without locking solid body 
of arbitrary shape, of isotropic, orthotropic or anisotropic material, which is based 
on finite element approach that give us opportunity to introduce initial stress and/or 
strains.  

For that purpose, let us remind that there are single and multifield finite element 
approaches, based on the canonical functional in the linear elastostatics. The most 
basic single field finite element approach in mechanics of solid body is based on 
the minimisation of the total potential energy functional. It is called displacement 
finite element method also, because displacement is only one master (primal) 
variable. It results with system matrix, which is positive definite, symmetric and 
sparse, thus enable us to use a number of efficient open codes for the solution of 
resulting system of linear equations. Further, it is easy to construct finite elements 
that satisfy mathematical convergence requirements – consistency and stability. 
However, it exhibits pathology in several limiting situations [1]. 

These situations are: shear locking when low order elements are used, presence of 
spurious or kinematic modes (extra zero eigenvalues of system matrix) when 
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selectively reduced integration is used, locking behavior in problems involving 
internal constraints (e.g. incompressibility), as well as the finite element sensitivity 
to mesh distortion.  

In addition, stresses are calculated a posteriori, by differentiation over the finite 
element level, which resulting in unrealistic discontinuous stress picture with loss 
of accuracy. In addition, if for some reason we want to analyze thin solid bodies 
with solid finite elements based on this approach, it is usually not possible because 
of the locking effects. 

On the other hand, a multifield method in computational mechanics is defined as 
one that has more than one primal (fundamental, master) field. If all fields of 
variables are of the same dimensionality the resulting multifield approach is called 
mixed, otherwise it is called hybrid. The most frequent motivation for the use of 
mixed finite element methods is their robustness in the presence of above-
mentioned limiting situations [1]. Nevertheless, from the reason that one has to 
deal with at least two fundamental variables, the overall stability of mixed 
approaches in elasticity is not easy to achieve [2, 3]. More clearly, in the elasticity, 
the first stability condition requires a large displacement approximation space in 
accordance to the stress approximation space, while the second stability condition 
requires a large stress approximation space in accordance to the one of the 
displacement. Obviously, these two conditions are in contradiction. Consequently, 
the well balance between the approximation spaces of these two fundamental 
variables must be found in order to avoid instabilities [1, 2].  

Nevertheless, there is a common opinion [1] that mixed methods have some serious 
drawbacks, like much more degrees of freedom than primal ones, indefinite system 
matrix, and spurious oscillations of dual variables in the presence of singularities. 
Further, some authors [2] comment: “…The use of C0 discretization for the stress 
field should be avoided. The main reason for this is the difficulty in the numerical 
solution of the linear system of equations…”. 

The two most exploited multifield mixed variational formulations in the 
elastostatics are Hellinger-Reissner (displacements and stresses) [1] and Hu-
Washizu (displacements, strains and stresses) formulations [4]. The Hellinger-
Reissner functional is based on the complementary energy function, in which the 
constitutive laws need to be modified when the elements are used for non-linear 
materials. On the other hand, the Hu-Washizu functional is formulated in terms of 
strain energy function, thus making it more attractive for non-linear materials.  

Another type of multifield variational principles are hybrid [5], where master fields 
are of different dimensionality, for example, one master field is volume and the 
other one is surface field. The main motive for their use is the relaxing of 
continuity condition on some field of interest to handle material interfaces, cracks 
or dislocations, as well as better displacement and stress solution in some limiting 
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situations where single field approaches tends to be overstiff, like in above-
mentioned situations. Although there are many successful finite elements on the 
market, present investigation is oriented toward development of the general three-
dimensional mixed finite element in elastostatics based on the Hellinger-Reissner’s 
principle.  

It should be noted, that it is a continuation of the work in the settings of membrane 
elastostatics [6], where it was shown that present scheme is reliable, robust, and has 
superior performance in accordance to the raw displacement finite element method, 
on the fairly chosen set of standard benchmark examples. . 

Thus, the main properties of the present hexahedral finite element are: 

 stable and robust three-dimensional finite element HC8/27, insensitive to 
distortion and aspect ratio of its dimensions, 

 continuous displacement and stress fields, eliminating the need for stress 
recovering methods, 

 low-order approximation of displacements,  
 flexible hierarchic approximation of stresses, utilising from nine to twenty 

seven nodes per finite element, depending of the smoothness and regularity 
of the problem, 

 sparse indefinite symmetric system matrix, 
 calculations of displacements and stresses from the same system of algebraic 

equations by simple Gaussian elimination, 
 no spurious oscillations of stresses in the presence of singularity, 
 treatment of displacement and stress constrains as essential boundary 

conditions, 
 no numerical tricks or tune-ups, easy coding.  

 

It should be noted that straightforward calculation of stresses is a great advantage 
from accuracy point of view [7] and avoidance of the stress recovery.  

Nevertheless, in order to prevent occurring of invariance error [8], the geometric 
invariance of present governing equations is fully respected. In the present 
contribution, the proposed scheme is tested by the standard low and high order 
convergence tests, while the analysis of its efficiency is left for the future work.  
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4.1 Formulation of the primal-mixed approach 

We will start from the primal-mixed weak form of the geometrically linear 
elastostatics field equations based on the Hellinger-Reissner’s principle [1, 9, 10], 
that states:  

Find { } ( ) ( )1 2, n n n
symH L ×∈ Ω × Ωu T  such that u w∂Ωu

=  and: 

 
( :  )

t
d d d

∂
∂

Ω Ω Ω
− ∇ − ∇ Ω = − ⋅ Ω − ⋅ Ω∫ ∫ ∫T S S u v T v f v pA : :  ( 4.1) 

for all { } ( ) ( )1 2
sym, n n nH L ×∈ Ω × Ωv S  such that v ∂Ωt

= 0  

In the above formulation, u  is the displacement field, T  is the stress field, f  is 
the vector of body forces and p  is the vector of boundary tractions, w  is the vector 
of prescribed displacements, while A  is fourth order compliance tensor. Further, 

,  1,2,3nR nΩ⊂ =  in an open bounded domain of the elastic body, where n  is the 
number of spatial dimensions considered. Hence, n  is the unit normal vector to the 
boundary ∂Ω , while u∂Ω  and t∂Ω  are the portions of ∂Ω  where the displacements 
or stresses are prescribed, respectively. The { },u T  and { },v S  are pairs of trial and 
test displacement and stress functions, respectively. As it could be seen, the stress 
functions are from discontinuous subspaces ( )2

sym
n nL ×Ω , as in the case of the classical 

displacement method approach (see [1]). However, if there is no singularity or 
abrupt material change in the region of the model problem, it is a discrepancy from 
the reality which usually results in the lost of accuracy. 

Accordingly, our present goal is to achieve full (three-dimensional) stress 
continuity. So, trial and test stress approximation functions are chosen from smaller 
but continuous finite element sub-space ( )1 n n

symH ×Ω , the space of all symmetric 

tensorfields that are square integrable and have square integrable gradients. It was 
already successfully used in [12] for linear triangles, and in [13] for bilinear 
isoparametric quadrilaterals. In both cases, numerical results have indicated high 
accuracy. The problem of solvability of such configurations has been elaborated in 
[14] by Zienkiewicz and Taylor et al. Further, to increase accuracy and to provide 
proper modelling of the planes of symmetry, modelling of stress constraints as the 
essential boundary conditions was introduced in [15]. Moreover, stabilization of 
primal–mixed elements by full or partial hierarchic interpolation of stresses one 
order higher than displacements has been introduced in [16].  

The detailed investigation of the present approach in two-dimensional (membrane) 
elasticity has proved that quadrilateral finite element QC4/9, with four corner 
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displacement and nine stress nodes (four corner, four middle-sided and one central 
bubble), is more efficient than corresponding raw displacement method [7] and that 
it is reliable [16]. Only recently, present approach was extended to the three-
dimensional case [17], where it has been shown that lowest-order finite element 
HC8/9 (eight displacement corner nodes, eight stress corner nodes and one bubble 
stress node) of that scheme is consistent, solvable, and satisfies the first stability 
condition. However, it does not satisfy second stability condition (inf-sup test), 
which was being expected because its two-dimensional counterpart QC4/5 does not 
pass that test [16], also. 

4.2 Finite element spaces 

Let hC  be the partitioning of the domain Ω  into elements iΩ  and let us define the 
finite element subsets for the displacement vector u , the stress tensor T  and the 
appropriate weight functions, respectively as: 

( ) ( ) ( )1{ H , = , },
u i

n K
h i K i hU U C∂Ω Ω= ∈ Ω = Ω Ω ∈u u w u u  

( ) ( ) ( )1{ H 0, = , },
u i

n K
h i K i hV V C∂Ω Ω= ∈ Ω = Ω Ω ∈v v v v  

( ) ( ) ( )1{ , , },
t i

n n L
h L i i hT H T C

×

∂Ω Ω= ∈ Ω ⋅ = = Ω Ω ∈T T n p T T  

( ) ( ) ( )1S { 0, , }
t i

n n L
h L i i hH S C

∂Ω

×

∂Ω= ∈ Ω ⋅ = = Ω Ω ∈S S n S S  ( 4.2) 

In these expressions Ku  and LT  are the nodal values of the displacement vector u  
and stress tensor T  respectively. Accordingly, KU  and LT  are corresponding 
values of the interpolation functions, connecting displacements and stresses at an 
arbitrary point in Ωi  (the body of an element), and the nodal values of these 
quantities. The complete analogy holds for the displacement and stress variations 
(weight functions) v  and S , respectively. 

To handle stress components adequately and conveniently, the boundary (interface) 
nodal coordinate surfaces should be accommodated to coincide or at least to 
tangent the local boundary surfaces and/or interfaces. In that case, it will be 
possible to treat known stress constraints as essential stress boundary conditions, 
also. 
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4.3 Numerical implementation 

After discretization of the starting problem  ( 4.3) by finite element method, it 
has been shown in [13] that present scheme can be written as the system of linear 
equations of order tu nnn += , where un  is the number of displacement degrees of 
freedom, while un  is the number of stress degrees of freedom: 

0vp vpvv vv v p
TT

pv p pvv v p

.
⎡ ⎤− ⎡ ⎤ ⎡ ⎤⎡ ⎤ ⎡ ⎤

= −⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ +− ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎣ ⎦

-A DA D t t
D 0 f pD 0 u u

 ( 4.3) 

In this expression, unknown (variable) and known (initial, prescribed) values of the 
stresses and displacements, denoted by the indices v  and p  respectively, are 
decomposed. The nodal stresses Lstt  and displacements Kqu  components are 
consecutively ordered in the column matrices t  and u  respectively. The 
homogeneous (zero) and nonhomogenous (nonzero) essential boundary conditions 
per displacements pu  and stresses pt  are introduced as contribution to the right-
hand side of the expression  ( 4.3). 

The members of the matrices A  and D , of the column matrices f  and p  
(discretized body and surface forces) in  ( 4.3), are respectively: 

A S g g g g T duv st
N

N u
a

v
b

abcd s
c

t
d

L
L

e i

Λ Γ Λ Λ Λ Γ Γ Γ
Ω

Ω Ω Ω= ∫∑ ( ) ( ) ( ) ( )A  ( 4.4) 

D S U g g duv
q N

N a
K

K u
a

v
q

e
Λ
Γ

Λ
Γ

Λ Λ
Γ

Ω

Ω Ω Ω= ∫∑ ( ) ( )
( ) 

i

 ( 4.5) 

f g V f dq
a

q
M

M a

e

Λ Λ Λ

Ω

Ω Ω= ∫∑ ( )

i

 ( 4.6) 

p g V p dq
a

q
M

M a

e it

Λ Λ ΛΩ= ∫∑ ( ) ∂Ω
∂Ω

 ( 4.7) 

The use of indices is taken from [18]. So, in the above expressions 
( ),  , , 1, 2,3iz i j k l =  is the Cartesian coordinate system of the whole model problem, 

that is global coordinate system of the model. Further, ( ) ( ), , , 1, 2,3K nx m n p q =  and 
( ) ( ), , , , 1, 2,3K sy r s t u v =  are displacement and stress coordinate systems at each 

global node K , respectively, not necessarily of the same position and kind.  
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Possibility to choose different coordinate systems at the global nodes per 
displacements and stresses will enable us to select proper positions of nodal 
coordinate systems for introduction of stress and displacement constraints. 

The local natural (convective) coordinate systems per finite elements are denoted 
by ( , , , 1,2,3)a a b c dξ = . While, ( )K mng  and abg  are the components of the 

contravariant fundamental metric tensors, the first one with respect to ( )K nx  at 
global node K  (i.e. Λ ), and the second to ξb  natural coordinate system of a finite 
element.  Furthermore, U Ua

K K a= ∂ ∂ξ/ .  

Also, abcdA  are the components of the elastic fourth order compliance tensor.  In 
the case of isotropic material, in order to determine compliance matrix with six 
independent components we will need to know Young’s modulus and Poisson’s 
ratio, only. Further, in the case of orthotropic material we will need to know 
Young’s modulus 1 2 3,  and E E E  in each of three mutually perpendicular directions 
called the principal directions, six Poisson’s ratio 12 13 23 21 31 32, , , , ,ν ν ν ν ν ν , as well as 
three shear moduli 12 13 23,  and GG G , from which we will calculate compliance 
matrix. On the other hand, in the case of anisotropic materials, in the most general 
case, we will need to know 21 independent coefficients of the compliance matrix. 
Further, af  and ap  are the body forces and boundary tractions in natural 
coordinates of an element, respectively. 

Integration is performed over the domain iΩ  of each element, or where the 
tractions are given over the part of the boundary surface it∂Ω , while summation is 
over all the e  elements of a system.  

In the end, K
ΛΩ  is a connectivity operator (see [18], p. 26), which maps the set of 

global nodes Λ  into the set of local nodes K  per elements, and vice versa. Next, 
the upper case letters in parentheses give us information to which node, local per 
element, or equivalently, global per model, considered quantity is related. Let us 
explain the need for the connectivity operator from the aspect of actual coding of 
the present scheme. The assembling of all entries in (4.5) is performed per 
elements ( e ) and local nodes in these elements ( K ), in the local natural coordinate 
systems ( aξ ). On the other hand, input quantities (boundary conditions, external 
forces, etc.) are given per global coordinate systems in global nodes 
( - displacements and forces, - stressesi ix y ). Therefore, we need the connectivity 
operator which will give us information to which element considered global node 
Λ  belongs, and which local number it has in that element.  
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The transformations of the considered tensorial quantity in that global node, from 
the coordinate system in nodes ( or i ix y ) to natural local coordinate systems ( aξ ) is 
done by the use of the Euclidian shifters ( ( )

a
ug Λ ). All entries in (4.5) are presently 

calculated by using a 3 3 3× ×  Gaussian integration formula.  

Hence, the coefficients of the fourth-order compliance tensor abcdA  in the general 
three-dimensional analysis of isotropic material are calculated by: 

( )( )[ ]Aabcd ca db cb da ab cdE
g g g g g g= + + −

1

2
1 2ν ν  ( 4.8) 

While, for orthotropic material we have compliance matrix in form: 

[ ]

3121

1 2 3

3212

1 2 3

13 23

1 2 3

12

13

23

1 0 0 0

1 0 0 0

1 0 0 0

10 0 0 0 0

10 0 0 0 0

10 0 0 0 0

E E E

E E E

E E E

G

G

G

νν

νν

ν ν

⎡ ⎤− −⎢ ⎥
⎢ ⎥
⎢ ⎥
− −⎢ ⎥

⎢ ⎥
⎢ ⎥
− −⎢ ⎥

⎢ ⎥= ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

A  ( 4.9) 

The Euclidean shifting operators ( )
( )
K m
L sg , ( )

a
L sg  and ( )K q

bg  are, respectively: 

( ) ( )  
( ) ( ) ( )=

k l
K m K mn
L s kl K n L s

z zg g
x y

∂ ∂δ
∂ ∂

 ( 4.10) 

g g
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yL s
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L s( )
 

( )= ,δ
∂

∂ξ

∂

∂
 ( ) ( )  

( )=
k l

K q K qp
b kl b K p

z zg g
x

∂ ∂δ
∂ξ ∂

 ( 4.11) 

For the reason that tensorial character is fully respected, one can easily choose 
appropriate coordinate system at each global node for the introductions of known 
stresses and/or displacements, or interpretation of the results. 
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4.4 Some details on the solution procedure 

For the sake of the better insight in the solution procedure, the matrix entries in (4.3) will be 
examined. For each mutually interconnected (by the common element(s)) pair of nodes L 
and M, or L and K, respectively, submatrices of A and D have following structure, 
respectively: 

[ ]

11 11 11 22 11 33 11 12 11 21 11 13 11 31 11 23 11 32

22 11 22 22 22 33 22 12 22 21 22 13 22 31 22 23 22 32

33 11 33 22 33 33 33 12 33 21 33 13 33 31 33 23 33

L M L M L M L M L M L M L M L M L M

L M L M L M L M L M L M L M L M L M

L M L M L M L M L M L M L M L M L M

LM

A A A A A A A A A
A A A A A A A A A
A A A A A A A A A

A

+ + +
+ + +
+ + +

=

32

12 13 12 31 12 23 12 3212 12 12 21
12 11 21 11 12 22 21 22 12 33 21 33

21 12 21 21 21 13 21 31 21 23 21 32

13 12 13 21
13 11 31 11 13 22 31 22 13 33 31 33

L M L M L M L ML M L M
L M L M L M L M L M L M

L M L M L M L M L M L M

L M L M
L M L M L M L M L M L M

A A A AA A
A A A A A A

A A A A A A
A A

A A A A A A

+ + + ++ +
+ + +

+ + +

+
+ + + 13 13 13 31 13 23 13 32

31 12 31 21 31 13 31 31 31 23 31 32

23 12 23 21 23 13 23 31 23 23 23 32
23 11 32 11 23 22 32 22 23 33 32 33

32 12 32 21 32 13 32 31

L M L M L M L M

L M L M L M L M L M L M

L M L M L M L M L M L M
L M L M L M L M L M L M

L M L M L M L M

A A A A
A A A A A A

A A A A A A
A A A A A A

A A A A

+ + + + +

+ + +
+ + + + +

+ + +
+ + 32 23 32 32L M L MA A

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥+
⎢ ⎥

+⎣ ⎦
 ( 4.12) 

1 2 3
11 11 11
1 2 3
22 22 22
1 2 3

33 33 33
1 1 2 2 3 3

12 21 12 21 12 21
1 1 2 2 3 3

13 31 13 31 13 31
1 1 2 2 3 3
23 32 23 32 23 32

K K K
L L L
K K K
L L L
K K K

Kq L L L
Lst K K K K K K

L L L L L L
K K K K K K
L L L L L L
K K K K K K
L L L L L L

D D D
D D D
D D D

D
D D D D D D
D D D D D D
D D D D D D

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥

⎡ ⎤ = ⎢ ⎥⎣ ⎦ + + +⎢ ⎥
⎢ ⎥+ + +⎢

+ + +⎢⎣ ⎦
⎥
⎥

 ( 4.13) 

While, stress and displacement components are presently ordered in the following 
way 11 22 33 12 13 23, , , , ,T t t t t t t⎡ ⎤ ⎡ ⎤=⎣ ⎦ ⎣ ⎦t  and 1 2 3, ,T u u u⎡ ⎤ ⎡ ⎤=⎣ ⎦ ⎣ ⎦u , respectively. So, vector of 
unknown values or vector of prescribed (initial) values is 

11 22 33 12 13 23 1 2 3, , , , , ,  , ,t t t t t t u u u⎡ ⎤⎣ ⎦ . In these expressions indices 1 and 3 correspond to 
the components of displacement vector at the node K, while the indices 11, 22, 33, 
12, 13 and 23 correspond to the components of symmetric stress tensor at nodes L 
and/or . 

The first main programming step in the above problem is an assembly procedure of 
the left and right sides of ( 4.3). The second one is the solution procedure of the 
resulting system ( 4.3). The most natural and the fastest way in the assembly 
procedure is to loop through the elements, by putting in connection pairs of nodes 
L and M.  
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At the left side of ( 4.3), the unconstrained degrees of freedom (components tv and 
uv) connected with the current node L are retained. At the right side the terms 
connected with the known components tp and up are situated. The rows and 
columns connected with the components with zero tp and up are neglected. 

The matrix on the left side of ( 4.3) is indefinite, symmetric and sparse. The 
symmetric sparse Gaussian elimination procedure is used for the solution. It should 
be noted that zeroes at the main diagonal of the system matrix are not an obstacle, 
because triangularization procedure fills these positions with nonzero values. 

4.5 Finite element HC8/27 

The finite element HC8/27 is shown in Figure  4.1. Its acronym is taken from [14], 
where the first letter H stands for hexahedral element geometrical shape, while the 
letter C indicates the use of continuous approximation functions. The displacement 
nodes are denoted by spheres, while stress nodes are denoted by tetrahedrons, as 
shown in Figure  4.1. 
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Figure  4.1 Finite element HC8/27 

The displacement field is approximated by tre-linear shape functions, connected to 
eight corner nodes numbered from 1 8− . On the other hand, nodes from eight to 
twenty-seven are used for the approximation of the stress field. Beside eight basic 
stress corner nodes, stabilization of finite element is achieved by full or partial 
hierarchic interpolation of stresses one order higher than displacements connected 
to the additional nineteen stress nodes. Thus, twenty-seven stress nodes are used to 
accommodate full triquadratic expansion in natural coordinates ξ , η  and ζ . From 
these, eight stress corner nodes are connected to the tre-linear shape functions 
denoted from 1 8− .  

Further, eleven quadratic shape functions are connected to the midpoints of the 
sides numbered from 9 20− .  Six biquadratic stress shape functions are connected 
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to each face centre, numbered from 21 26− , and one three-quadratic shape function 
connected to the hexahedron centre (bubble node) numbered by 27 . Consequently, 
multi-field combination of eight displacement and eight stress nodes is called 
HC8/8. The same basic element with additional one or nineteen stress nodes, is 
called HC8/9 or HC8/27, respectively.  

Further, per each node there are three displacement and six stress degrees of 
freedom. Consequently, there are maximum 186  degrees of freedom per one finite 
element (finite element HC8/27). In the case when analysed model problem is 
compressible and/or boundary conditions are smooth, we will use only 78  degrees 
of freedom (finite element HC8/9). 

It should be noted, that from the point of view of actual coding, the coarser finite 
elements HC8/8 and HC8/9 are seen as finite element HC8/27, where degrees of 
freedom connected to the unwanted nodes are neglected (set to zero). The element 
considered here can be in fact identified as an application of the Taylor-Hood type 
element in elasticity, for which Brezzi et al. [2] at p.284 in example 3.3, have said: 
“It is not known if this element is stable”. 

44..55..11  TTooppoollooggyy  ooff  tthhee  ffiinniittee  eelleemmeenntt  ffaammiillyy  HCu t   

The topology of the present hexahedral continuous finite element family HCu t  for 
approximation of displacement and stress is shown in Figure 4.1. It contains eight 
or twenty local nodes for approximation of displacement, and nine to twenty-seven 
local nodes for the approximation of the stress. 

If there are eight local nodes per displacement, the corresponding shape functions 
are tri-linear, given by: 

( ) ( ) ( )1 1 1 1 ,  for nodes  1,  8
8i i i iP iξ ξ ηη ζ ζ= + + + =  (4.5.1.1) 

In this case, stress over finite element is represented by nine nodes (finite element 
HC8/9), fifteen nodes (HC8/15), or twenty-seven nodes (HC8/27), connected to the 
nine, fifteen, or twenty-seven shape functions, respectively. That is, one, seven or 
nineteen nodes more than for approximation of the displacement, respectively. 

On the other hand, if there are twenty local nodes per displacement, the relevant 
shape functions are of serendipity type [4], given by: 
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( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

2

2

2

1 1 1 1 2 ,   for nodes  1,  8
8
1 1 1 1 ,  for nodes  9,  11,  17,  19
4
1 1 1 1 ,  for nodes  10,  12,  18,  20
8
1 1 1 1 ,   for nodes 13,  14,  15,  16
8

i i i i i i i

i i i

i i i

i i i

P i

P i

P i

P i

ξ ξ ηη ζ ζ ξ ξ ηη ζ ζ

ξ ηη ζ ζ

ξ ξ η ζ ζ

ξ ξ ηη ζ

= + + + + + − =

= − + + =

= + − + =

= + + − =

. (4.5.1.2) 

In this case stress is approximated by twenty–one nodes (HC20/21) or 
twenty-seven nodes (HC20/27), which are connected to twenty–one or 
twenty-seven shape functions, respectively. That is, one or seven nodes more than 
for approximation of the temperature.  

Shape functions given by (4.5.1.1) and (4.5.1.2) are complete up to the order of 
polynomials 1m = , fulfilling the completeness requirements for our formulation. It 
can be seen that the subspaces for approximation of the stress field are enriched in 
accordance to the displacement field. These additional shape functions are 
presently hierarchical in order to increase stability. 

Hierarchical shape functions enrich the space of approximation in such a way that 
it not changes the already existing shape functions and degrees of freedom. This 
contrasts with traditional Lagrange elements, where adding a ( )1p + -st node 
requires moving all the other nodes (except corners) and redefining all of the shape 
functions. The degrees of freedom corresponding to hierarchical higher order shape 
functions (i.e. to quadratic, cubic, etc.) can not be interpreted as values of the 
solution at corresponding node. Instead, solution in hierarchical node is equal to the 
simple average solution from neighbouring non-hierarchical nodes plus calculated 
value at that node.  

For example, in one-dimensional examples, one can define the shape functions as 
follows, associating all new degrees of freedom (dof's) with the centerpoint of the 
element (see also Figure 1.2): 

( )

( )

( )

( )

1

2

1 1
2
1 1
2

1 1 ,  for 2,4,6,...
!

1 ,  for 3,5,7,...
!

p p
c

p p
c

P

P

P p
p

P p
p

ξ

ξ

ξ

ξ ξ

= −

= +

= − =

= − =

. (4.5.1.3) 
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Hence, the solution can be written as: 

( ) 1 2
1 2

2,...

p
p

c p
p

uu u P u P Pξ
ξ=

∂
= + +

∂∑  (4.5.1.4) 

One can define a shape function of order p  as arbitrary linear combinations of all 
the above-defined shape functions of order max2 p p≤ ≤  and it is possible to choose 
this linear combination in such a way that the conditioning number of the resulting 
system of linear equations will be significantly reduced. 

4.6 On the construction of solvable and stable configurations 

For forming the stable primal–mixed system of algebraic equations, the solvability 
and stability analyses (See Sections 3 and 4) are taken into account. If there are no 
traction boundary conditions imposed (i.e. no essential boundary conditions per 
stresses) isoparametric finite element HC8/8 is used, which is sufficient to maintain 
the solvability of a system (see Table 1). 

On the other hand, when essential traction boundary conditions are introduced, on 
the boundary and especially in corner elements, mechanisms can develop. In that 
case, it is necessary to add a central, bubble (HC8/9), node and some or all 
additional 18  quadratic nodes (HC8/27), not necessarily in all elements, to ensure 
solvability. Practically, the additional 1 18−  second order stress nodes are 
hierarchic, that is the local approximation functions connected to these nodes are 
hierarchic. Nevertheless, any of these nodes can be added or suppressed using the 
simple technique equivalent to the definition of the boundary conditions. 

The FORTRAN program code upon the full configuration of the finite element 
HC8/27 is written. However if we want to analyze our model problem with simpler 
finite elements HC8/8 or HC8/9, we will simply set degrees of freedom connected 
to the unwanted hierarchic nodes to zero.  

Nevertheless, the results of inf–sup test (see Section 5) show that solvable 
configurations are not automatically stable. Further, more efficient solution 
procedure is obtained when nested dissection [7, 19] ordering of nodes is adopted. 

4.7 Low order tests 

In order to check necessary and sufficient conditions for convergence, as well as to 
check capability to represent rigid body modes and constant strain condition, the 
low order tests are traditionally the first steps in the validation process of any new 
finite element. In addition, some authors considered these tests as tools for 
assessment of robustness of finite element algorithms. In the present paper the 
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necessary [14] and sufficient conditions for solvability [20, 21] tests, are 
considered. 

44..77..11  NNeecceessssaarryy  ccoonnddiittiioonnss  ffoorr  ssoollvvaabbiilliittyy  

It is considered that single finite element passes solvability test, if the number of its 
stress degrees of freedom tn  is greater than number of displacement degrees of 
freedom un . This test is known [14] as single element patch test.  

In the case of present finite element HC8/27 we have 24un =  and 162tn = . So 
evidently, it passes the present test. In addition, its simpler configurations, HC8/8 
and HC8/9, pass the present test also, because 8/8 48HC

tn =  and 8/9 54HC
tn = , that are 

again greater than number the displacements degrees of freedom 24un = . 

44..77..22  SSuuffffiicciieenntt  ccoonnddiittiioonnss  ffoorr  ssoollvvaabbiilliittyy..  EEiiggeennvvaalluuee  aannaallyyssiiss  

In order to check if one finite element is sensitive to the locking phenomena, that 
is, to illustrate that element is free of spurious zero-energy modes (mechanisms), an 
eigenvalue analysis of single finite element is usually performed [21]. This test is 
also known as sufficient conditions for solvability test. It should be noted that one 
finite element free of boundary conditions, passes sufficient solvability test if the 
number of zero eigenvalues of the relevant system matrix in  ( 4.3) is equal to 
the number of the rigid body modes. In the three-dimensional case, that number is 
six. If it is greater than six, some mechanisms are present and the problem is not 
solvable. In that case, the finite element will exhibit an apparent strain without any 
stress [20]. 

For the present finite element HC8/27, the number of negative eigenvalues 
corresponds to the number of displacement degrees of freedom ( 8 3 24un = × = ), 
while the number of positive eigenvalues corresponds to the number of stress 
degrees of freedom ( 27 6 162tn = × = ). 

In addition, for a locking free element, only one mode corresponding to the 
dilatational mode should tend toward infinity in the limit of incompressibility or 
extreme aspect ratio. If any of additional modes tend toward infinity, the element 
will exhibit volumetric locking. 

The test was performed over the undistorted or distorted one finite element 
configuration (see Figure  4.2), where Young’s modulus is 1=E  and Poisson’s 
ratio is 0.3ν =  or 0.49999ν = . No displacement or stress boundary conditions were 
applied. The finite element H1/ME9 based on the mixed-enhanced strain method 
with nine enhanced modes [21] that passes present test in the nearly incompressible 
case, was taken for comparison. 
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In the Tables 4.1 and 4.2, calculated eigenvalues are sorted in increasing order. All 
eigenvalues connected to the displacement degrees of freedom are reported. On the 
other hand, only the first and last eigenvalues connected to stress degrees of 
freedom are reported here. For example, one may see that finite element H1/ME9 
has 24 eigenvalues connected to displacement degrees of freedom, from which six 
zero degrees of freedom are connected to rigid body modes.  

On the other hand, finite element HC8/27 has 24 eigenvalues connected to 
displacement degrees of freedom, from which 6 zero degrees of freedom are 
connected to rigid body modes, and 162 positive eigenvalues connected to stress 
degrees of freedom. Therefore, for that element, all 18 negative eigenvalues 
connected to displacement degrees of freedom are listed, 6 zero degrees of freedom 
are shown in one raw, and finally from 162 eigenvalues connected to stress degrees 
of freedom, only the first (minimum) and  last (maximum) are shown. We may see 
that present hexahedral finite elements HC8/8, HC8/9 and HC8/27, pass the present 
test, regardless of the value of Poisson’s ratio or the aspect ratio of theirs axial 
maximal dimensions. 
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Figure  4.2 Undistorted and distorted FE configurations 
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Mode 

(dof) 
dof H1/ME9 HC8/8 HC8/9 HC8/9 

  0.49999ν =  
undistorted 

0.3ν =  
undistorted 

0.3ν =  
undistorted 

0.49999ν =  
undistorted 

1  ∞ -.2266E+00 -.2821E+00 -.3262E+00 
2  .3333E+00 -.2266E+00 -.2497E+00 -.2307E+00 
3  .3333E+00 -.2266E+00 -.2497E+00 -.2307E+00 
4 d .3333E+00 -.2262E+00 -.2497E+00 -.2307E+00 
5 i .3333E+00 -.1816E+00 -.2077E+00 -.1952E+00 
6 s .3333E+00 -.1816E+00 -.2077E+00 -.1952E+00 
7 p .3333E+00 -.1211E+00 -.1211E+00 -.1155E+00 
8 l .3333E+00 -.9266E-01 -.9266E-01 -.9500E-01 
9 a .3333E+00 -.9266E-01 -.9266E-01 -.9500E-01 

10 c .2222E+00 -.9266E-01 -.9266E-01 -.9500E-01 
11 e .1111E+00 -.8553E-01 -.8553E-01 -.8174E-01 
12 m .1111E+00 -.8553E-01 -.8553E-01 -.8174E-01 
13 e .1111E+00 -.8553E-01 -.8553E-01 -.8174E-01 
14 n .5556E-01 -.4522E-01 -.4522E-01 -.4167E-01 
15 t .5556E-01 -.4522E-01 -.4522E-01 -.4167E-01 
16  .5556E-01 -.3669E-01 -.3669E-01 -.3604E-01 
17  .5556E-01 -.3669E-01 -.3669E-01 -.3604E-01 
18  .5556E-01 -.3669E-01 -.3669E-01 -.3604E-01 

19-24 zero 0 0 0 0 
25 s  .1852E-02 .1852E-02 .9259E-07 

26-71 t  ... ... ... 
72 r  .5516E-00 ... ... 

26-77 e   ... ... 
78 s   .8740E+00 .9517E+00 

79-187 s     
188      

Table 4.1. Eigenvalues for different one finite element configurations HC8/9 
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Mode 

(dof) 
dof HC8/27 HC8/27 HC8/27 

  0.3ν =  
undistorted 

0.49999ν =  
undistorted 

0.49999ν =  

distorted 

1  -.4855E+00 -.6490E+00 -.7010E+00 
2  -.3099E+00 -.2773E+00 -.3440E+00 
3  -.3099E+00 -.2773E+00 -.3386E+00 
4 d -.3099E+00 -.2773E+00 -.2693E+00 
5 i -.2807E+00 -.2545E+00 -.2451E+00 
6 s -.2807E+00 -.2545E+00 -.2213E+00 
7 p -.1689E+00 -.1614E+00 -.1863E+00 
8 l -.1457E+00 -.1614E+00 -.1790E+00 
9 a -.1457E+00 -.1614E+00 -.1688E+00 

10 c -.1457E+00 -.1557E+00 -.1348E+00 
11 e -.1211E+00 -.1120E+00 -.1289E+00 
12 m -.1211E+00 -.1120E+00 -.1147E+00 
13 e -.1211E+00 -.1120E+00 -.1071E+00 
14 n -.5327E-01 -.4759E-01 -.5784E-01 
15 t -.5327E-01 -.4759E-01 -.5281E-01 
16  -.4557E-01 -.4504E-01 -.4725E-01 
17  -.4557E-01 -.4504E-01 -.4553E-01 
18  -.4557E-01 -.4504E-01 -.4297E-01 

19-24 zero 0 0 0 
25 s .3638E-03 .1819E-08 .1819E-08 

26-71 t ... ... ... 
72 r ... ... ... 

26-77 e ... ... ... 
78 s ... ... ... 

79-187 s ... ... ... 
188  .2808E+01 .3161E+01 .3317E+01 

Table 4.2. Eigenvalues for different one finite element configurations HC8/27 
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One finite element, free of boundary conditions, passes sufficient solvability test 
[15] if the number of zero eigenvalues of the system matrix in Equation  ( 4.3) is 
equal to the number of the rigid body modes. In the three-dimensional case that 
number is six. If it is greater than six, some mechanisms are present and problem is 
not solvable. In the present case, the number of the positive eigenvalues 
corresponds to the number of stress degrees of freedom. While, the total number of 
zero and negative eigenvalues is equal to the number of displacement degrees of 
freedom (in this case 8×3=24).  

This test is performed over the single finite element HC8/9 in the shape of unit 
square block that is free of boundary conditions. The results in Table 4.3. show that 
present HC8/9 finite element passes the solvability test, i.e. the element matrix 
does not contain mechanisms. 

 

mode Eigen-
value mode Eigen-

value mode Eigen-
value Mode Eigen-

value mode Eigen-
value 

1 -.2824 19 .0000 37 .0179 55 .0689 73 .3778 
2 -.2500 20 .0000 38 .0223 56 .0689 74 .5195 
3 -.2500 21 .0000 39 .0223 57 .0689 75 .5195 
4 -.2500 22 .0000 40 .0223 58 .0772 76 .8741 
5 -.2079 23 .0000 41 .0350 59 .0772 77 .8741 
6 -.2079 24 .0000 42 .0350 60 .0772 78 .8741 
7 -.1212 25 .0022 43 .0350 61 .0952   
8 -.0928 26 .0061 44 .0361 62 .0952   
9 -.0928 27 .0061 45 .0361 63 .0952   

10 -.0928 28 .0079 46 .0361 64 .1536   
11 -.0856 29 .0079 47 .0361 65 .1536   
12 -.0856 30 .0079 48 .0361 66 .1678   
13 -.0856 31 .0123 49 .0361 67 .1678   
14 -.0453 32 .0123 50 .0484 68 .1678   
15 -.0453 33 .0123 51 .0484 69 .1708   
16 -.0367 34 .0149 52 .0662 70 .1708   
17 -.0367 35 .0179 53 .0662 71 .1708   
18 -.0367 36 .0179 54 .0662 72 .2295   

Table 4.3. The primal–mixed finite element HC8/9 solvability test. 
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4.8 Robustness test 

To appraise the behavior of the finite element HC8/9 in the nearly incompressible 
limit an eigenvalue analysis for a single finite element for increasing values of 
Poisson’s ratio [16] was performed. For a volumetric locking-free finite element, 
only one mode corresponding to the dilatational mode should tend to zero as 

0.5ν → . The single finite element model with 12 suppressed displacement degrees 
of freedom, shown in Figure 4.2, was used throughout the test. Results in Table 4.4 
show that finite element HC8/9 can be recommended for the use in compressible or 
nearly incompressible analysis only, where present system given by Equation (4.3) 
is solvable. 

The one 3D primal–mixed finite element HC8/9 system matrix eigenvalue test. 
The unit square block with E=1. 

ν Eigenvalues of modes 1 to 66 
-.1836688 -.1821945 -.1821945 -.1755433 -.1275837 -.1275837 
-.0789815 -.0608021 -.0608021 -.0506589 -.0386173 -.0386173 
.0000932 .0011561 .0022732 .0022732 .0030336 .0056919 
.0068981 .0068981 .0137963 .0137963 .0137963 .0206943 
.0206943 .0206943 .0207818 .0207818 .0220340 .0233966 
.0233966 .0413889 .0413889 .0413889 .0413889 .0413889 
.0413889 .0451094 .0503464 .0503464 .0630946 .0639866 
.0639866 .0761568 .0761568 .0828782 .1215745 .1215999 
.1215999 .1376479 .1376479 .1491287 .1491287 .1526186 
.1526186 .1540307 .1780439 .1972095 .2391503 .2399351 

0.49 

.2399351 .4022241 .4022241 .7658175 .7658278 .7658278 
-.2304078 -.1583840 -.1560167 -.1560167 -.1154086 -.1154086 
-.0787982 -.0607949 -.0607949 -.0505239 -.0385353 -.0385353 
.0000090 .0000753 .0009157 .0020524 .0020524 .0069402 
.0069402 .0099848 .0138798 .0138798 .0138798 .0208194 
.0208194 .0208194 .0217715 .0217715 .0221649 .0235292 
.0235292 .0416388 .0416388 .0416388 .0416388 .0416388 
.0416388 .0453723 .0505967 .0505967 .0545396 .0545396 
.0660585 .0684171 .0684171 .0774875 .0774875 .0832877 
.1043810 .1047444 .1047444 .1402004 .1407522 .1407522 
.1497592 .1497592 .1532339 .1532339 .1546110 .1977475 

0.499 

.2308859 .4756478 .4756478 .8547750 .8547954 .8547954 
-.1833988 -.1818851 -.1818851 -.1767768 -.1273841 -.1273847 
-.0787779 -.0609434 -.0609434 -.0505089 -.0385262 -.0385262 
.0000009 .0000060 .0008892 .0020281 .0020281 .0049377 
.0069444 .0069444 .0138888 .0138888 .0138888 .0203116 
.0203116 .0208332 .0208332 .0208332 .0221794 .0235439 
.0235439 .0416666 .0416666 .0416666 .0416666 .0416666 
.0416666 .0454016 .0506245 .0506245 .0635170 .0644135 
.0644135 .0765626 .0765626 .0833333 .1223874 .1224132 
.1224132 .1380419 .1380419 .1498293 .1498293 .1532652 
.1532652 .1546756 .1767768 .1978074 .2397441 .2405394 

0.5 

.2405394 .4043983 .4043983 .7704236 .7704338 .7704338 

Table 4.4. The primal–mixed finite element HC8/9 robustness test 
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4.9 The mathematical convergence requirements 

As the finite element mesh is refined, the solution of discrete problem should 
approach to the analytical solution of the mathematical model, i.e. to converge. The 
convergence requirements for shape functions of isoparametric element can be 
grouped into three categories, that is: completeness, compatibility and stability [1, 
11]. Consequently, we may say that consistency and stability imply convergence. 

Completeness criterion requires that elements must have enough approximation 
power to capture the analytical solution in the limit of a mesh refinement process. 
Therefore, the finite element approximation functions must be of a certain 
polynomial order ensuring that all integrals in the corresponding weak formulation 
are finite. Specifically, if m  is variational index calculated as the highest spatial 
derivative order that appears in the energy functional of the relevant boundary 
value problem, than the element base approximation functions must represent 
exactly all polynomial terms in order m≤  in element coordinate system. A set of 
shape functions that satisfies this condition is called -completem . 

Further, compatibility criterion requires that finite element shape functions should 
provide displacement continuity between elements, in order to provide that no 
artificial material gaps will appear during the deformation. As the mesh is refined, 
such gaps could multiply and may absorb or release spurious energy. So, patch trial 
functions must be 1mC −  continuous between interconnected elements, and mC   
piecewise differentiable inside each element. 

Nevertheless, completeness and compatibility are two aspects of the so-called 
consistency condition between the discrete and mathematical models. A finite 
element model that passes both, completeness and continuity requirements, is 
called consistent. 

Further, if the considered finite element is stable, the non-physical zero-energy 
modes (kinematic modes) in finite element model problem will be prevented. The 
overall stability of mixed formulations based on Hellinger-Reissner’s principle, is 
provided if two necessary conditions for stability are fulfilled i.e., the first 
condition represented by the ellipticity on the kernel condition and second 
condition represented by the inf-sup condition [1, 11]. 

It should be noted that satisfaction of the completeness criterion is necessary for 
the convergence, while violating other two criteria does necessary mean that 
solution will not converge. 
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4.10 Consistency condition 

Presently, variational indices for displacement variable field and stress variable 
filed are both 1m = . Further, in the present formulation test and trial displacement 
approximation functions are from the space ( )nH Ω1 , the space of all vectorfields 
that are square integrable and have square integrable gradients. Consequently, they 
are chosen to have 0C  continuity, represented by tre-linear polynomial functions. 
Accordingly, the completeness and compatibility requirements for that field are 
satisfied in the present case. Further, same conclusion is valid for the stress field 
also. Although, from the reason that stress derivatives do not appear in the present 
formulation, the continuity requirement on the trial and test stress shape functions 
may be relaxed to be 1C−  (discontinuous) between the elements and 0C  inside, 
which will be exploited in the future investigations to analyse singularities and 
abrupt material changes. 

4.11 First stability condition 

The ellipticity on the kernel condition [1] is given by: 

( ) hh Za ∈α≤ zzzz  allfor   , , ( ){ }hhh VbSZ ∈=∈= vvzz   allfar   0,   ( 4.14) 

where hS  and hV  are stress and displacement test approximation functions 
respectively. It should be noted that presently, test and trial stress local 
approximation functions are from continuous finite element subspaces ( ) nn

h HS
×

⊂ 1 . 
Therefore, the corresponding bilinear form a  in  ( 4.14) is quadratic. In addition, in 
the physical sense it represents the deformation energy that is positive definite in 
linear elasticity. Consequently, form a  is symmetric and bounded, also. 

On the other hand, the first stability condition could be evaluated using the matrix 
notation, also. The first equation in  ( 4.3) will be well posed if: 

2  .T ≥ αs As s  ( 4.15) 

Presently, the natural stress norm is also an energy norm, thus: 

2 1        1 0
T T

T= = ⇒ α = >
s As s As

s Ass
 ( 4.16) 

Hence, for the present formulation, the first stability condition is satisfied a priori. 
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4.12 Second stability condition 

For the presently investigated finite element, the second stability condition is 
satisfied if value hγ , following from LBB (Ladyzhenskaya, Babuška, Brezzi) 
condition (see [5], p.76, Eq.(3.22)), remains bounded above zero for the meshes of 
increasing density: 

( ) ( )

( )
1 1

,
inf  sup

 
h h

h n n n h h

b

H H ×
γ ≤ γ =

∈ ∈

S v
S vv S

 ( 4.17) 

where: 

( ),
i

h h h h e
e

b d
Ω

= ∇ Ω∑ ∫S v S : v  ( 4.18) 

2

i

h h h e
e

d
Ω

= Ω∑ ∫S S S:  ( 4.19) 

2 T

i

h h h e
e

d
Ω

= ∇ ∇ Ω∑ ∫v v v:  ( 4.20) 

In addition, condition ( 4.17)) ensures solvability and optimality of the finite 
element solution [11]. It should be emphasized also, that any loading does not enter 
the present test.  

Because verification of the condition like ( 4.17) involves an infinite number of 
meshes, it can not be performed. Therefore, numerical inf-sup [11] test should be 
performed for a sequence of meshes of increasing refinement. Consequently, in the 
present case, numerical inf-sup test is represented by generalized eigenvalue 
problem, in matrix notation given by: 

T -1
h h h= λx xD A D K  ( 4.21) 

where D  and A  are matrix entries in ( 4.3). Further, matrix K  is the stiffness 
matrix from the corresponding displacement finite element method, where entries 
are given by: 

( ) ( )K g U C U g dm n
L a

m
b
L abcd

d
K

c
n

e
K

i

Λ Γ Λ Λ

Ω

Γ ΓΩ Ω Ω= ∫∑   ( 4.22) 
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In the above expression, the fourth order elasticity tensor abcdC  in general three-
dimensional analysis of isotropic materials is given by: 

( )( ) ( ) ( )1 1 2 2 1
abcd ab cd ac bd ad bcE Eg g g g g gν

= + +
+ ν − ν + ν

C  ( 4.23) 

The square root of the smallest eigenvalue of the problem ( 4.21), that is minλ , is 
equal to the inf-sup value hγ  in ( 4.17). If the inf-sup values, for chosen sequence 
of finite element meshes, do not show decrease toward zero (meaning that the minλ  
values stabilize at some positive level) it can be said that inf-sup test is passed. It 
should be noted that decreasing of the inf-sup values on log-log diagram would be 
seen as curve with moderate or excessive slope. This approach was already used in 
[16] for testing the stability of quadrilateral finite elements QC4/5 and QC4/9, and 
in [17] for testing the stability of the hexahedral finite element HC8/9. 

4.13 Inf-sup numerical test 

In the present chapter, we will investigate if the present finite element HC8/27 
passes numerical inf-sup test (4.21). It is suggested [3, 11], to test the finite 
elements in different scenarios, such as: distorted or irregular finite element 
meshes, small thickness, bending and membrane dominated situations, and 
investigation to sensitivity of finite elements to increasing Poisson’s ratio toward 
incompressibility. 

The results will be plotted in the form ( ) ( )minlog 1/f Nλ = , where 1,...,8N =  is the 
number of elements per side, while minλ  is the minimal eigenvalue in  ( 4.21), 
where results for meshes of increasing refinement are plotted from right to left. 

44..1133..11  MMeemmbbrraannee  ddoommiinnaatteedd  ccaassee  

As an example of membrane dominated case, the cylinder model problem with 
clamped edges is analyzed [3]. The cylinder radius is 1=r , the full length is 2=L . 
To explore the sensitivity of the present hexahedral finite element HC8/27 to the 
values of thickness t  in radial direction, two cases 1/ 50t =  and 1/100t = , are 
considered. The Young’s modulus is 1=E , and Poisson’s ratio is 3.0=ν . 

Because of symmetry, only one eight of the starting model problem, shown in 
Figure 4.3, is considered. Further, one layer of finite elements is placed along the 
thickness. The finite element models for mesh indicator 2,  4,  6,  8N =  are 
considered. Total number of degrees of freedom (dof) per each of the mesh made 
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from HC8/9 finite elements, is dof 142,  470,  990, 1702= , while for the HC8/27 
meshes we have dof 442,  1498,  3178,  5482= . 

From the Figure 4.3 we may see that regardless of the thickness, curves for the 
finite element HC8/9 have excessive slope, so that element does not pass inf-sup 
test. On the other hand, curves for finite element HC8/27 in either case of 
thickness, do not show decrease toward zero as the mesh is refined. Moreover, 
these curves are almost identical. 

 
Figure 4.3. Clamped cylinder: undeformed configurations 8 8 1× ×  

Therefore, we may conclude that finite element HC8/27 passes inf-sup test in 
membrane dominated cases regardless of the considered thickness. 

-0.9 -0.8 -0.7 -0.6 -0.5 -0.4 -0.3

-1.0

-0.8

-0.6

-0.4

-0.2

0.0

Number of elements NxNx1
8 46 2

Clamped Cylindrical Shell

log (1/N)

log (λ
m

in )

 HC8/9 t=1/50
 HC8/9 t=1/100
 HC8/27 t=1/50
 HC8/27 t=1/100

 
Figure 4.4. Clamped cylinder: inf-sup values 
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44..1133..22  BBeennddiinngg  ddoommiinnaatteedd  ccaassee  

In order to investigate if the present finite element passes inf-sup test in the 
bending dominated situations [11], a clamped thin square model problem under the 
transverse uniform load 1q = , side 2a =  and thickness 0.01t = , is considered,. 
The Young’s modulus is 1=E , and Poisson’s ratio is 3.0=ν . Only a quarter of the 
plate is analyzed due to its overall symmetry, by the sequence 
( 1,  2,  4,  6,  8,  10N N N× × = ) of undistorted meshes or the sequence of the highly 
distorted meshes that are not similar to each other. The stress boundary conditions 
are introduced as essential, which means that stresses 

0.01
1zz

t
t

=
= −  at the top surface 

of the plate are prescribed. The highly distorted finite element model 10 10 1× × , is 
shown in Figure 4.5, while other finite element meshes are shown in Figure 4.6. 

 
Figure 4.5. The plate bending model problem  

From the results shown in Figure 4.6, it is evident that finite element HC8/27 
passes inf-sup test in the case of bending dominated problems regardless of the 
level of distortion of the finite element mesh, since minimal generalized 
eigenvalues of the numerical inf-sup test problem (4.21) stabilize in the mesh 
refinement process. Therefore, we may say that the present finite element is robust 
in accordance to the level of the mesh distortion. 
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Figure 4.6. Clamped plate: inf-sup test 

 

44..1133..33  NNeeaarr  iinnccoommpprreessssiibbiilliittyy  ccaassee  

On the model problem of the square block ( 2a = ) under tri-axial tension, we will 
examine if the present finite element passes inf-sup test in the near incompressible 
scenario. Only one-eight of the starting model can be discretized due to the 
symmetry. Four finite element configurations with the mesh indicator 

1,  2,  3,  4N = , are considered. Both, the displacement and stress boundary 
conditions are prescribed to simulate tri-axial tension, expect for the case with 
Poisson’s ratio 0.49ν = , where only displacements boundary conditions are 
prescribed. 

From the Figure 4.7, it may be seen that the smallest nonzero eigenvalues stabilize 
after one-element configuration, similar as in [3] for MITC finite element family. 
Therefore, we may conclude that finite element HC8/27 passes inf-sup test in 
compressible and nearly incompressible cases. 
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Figure 4.7. Unit brick: inf-sup values 

4.14 Numerical examples  

In order to check the convergence of the present formulation, the number of 
challenging benchmark tests were performed, using the finite element HC8/9 in 
compressible cases and HC8/27 in nearly incompressible case. The all model 
problems considered are materially isotropic, although present formulation allows 
analysis of orthotropic and anisotropic materials. In addition, present formulation 
allows introduction of initial strains, beside before mentioned initial displacements 
and initial stresses. Nevertheless, cases where material is anisotropic and/or where 
initial strains are prescribed, are left for the further report.  

It should be emphasized that target results for the popular plate/shell benchmarks 
tests, are usually obtained by the some plate/shell theory based on dimensional 
reduction in the direction normal to middle surface. Therefore, the difference 
between results obtained by the present full theory, in accordance to available 
target values, is expected. The visualisation of results is provided by the Straus7 
software package [22] or by the in-house software package. 
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44..1144..11  MMooddeell  pprroobblleemm  wwiitthh  ssiinngguullaarriittyy  

One of the serious complaints to the mixed formulations is that they result with 
unrealistic oscillation around theoretical solution in the presence of the singularity 
caused by the nonsmoothness of data (such as jump boundary conditions or 
singular loads) or the nonsmoothness of the solution domain (such as corners or 
cracks). To examine sensitiveness of the present finite element to the 
nonsmoothness of the solution domain, the popular L-shaped model problem [23] 
shown in Figure 4.8, is considered. Only a quarter of the present model problem is 
analyzed due to the symmetry. The stress distribution along the line BC that 
contains stress singular corner point S, is examined.  

  

B  S C 

A 
1

10
q =

1t =

 
Figure 4.8. L-shaped problem 

The stress distribution of the stress component xxt  along the line BC is shown in 
Figure 4.9, where we may see that approximation by the finite element HC8/9 
results with spurious stress oscillation.  

On the other hand, if we enrich approximation by enforcing the all six stress 
degrees of freedom at the mid-side (hierarchic) finite element nodes along the 
physical boundaries BS and AS only, calculated stresses are smooth.  

That case is denoted by the HC8/27, although only some of its nodes are utilized. 
Therefore, despite forced continuity of stress approximation functions in singular 
point S, we obtain expected non-oscillating stress distribution, for difference to the 
other mixed schemes (see [23], page 363). 
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          and HC8/27 on physical boundaries

 
Figure 4.9. L-shaped finite element model: stress distribution on line BC 

44..1144..22  CCyylliinnddrriiccaall  sshheellll  ((““SSccoorrddeelliiss--LLoo””  RRooooff))  

A well known “Scordelis-Lo” Roof  model problem shown in Figure 4.10, 
subjected to gravity loading [24], is analysed. The specific weight is 0.20626γ = . 
The Young’s modulus is 84.32 10E = ⋅  and Poisson’s ratio is 0ν = . The cylindrical 
shell is simple supported on rigid diaphragms and free on the other sides. The 
advantage of the present model problem is that there are no singularities involved.  
There are two different values reported in the literature, 0.3024 [25] and 0.3086 
[24].  

The convergence of the displacement at the midpoint D  on the free edge NA  using 
HC8/9 finite element, is examined. The results were compared with finite element 
DSG4, bilinear four-nodded finite element based on the Discrete Shear Gap finite 
element method [25], which utilizes only displacement and rotational degrees of 
freedom at the nodes. It is well-known for its explicit satisfaction of the kinematic 
equation for the shear strains at discrete points in order to effectively eliminate the 
parasitic shear strains. However, it was primarily chosen because no additional 
efforts have been made to improve its behavior, like in the case of the present finite 
element HC8/9. 

Only one-quarter of the starting model is analyzed due to the symmetry. The own 
weight of the present shell is simulated by the uniform pressure 90p = − . 
Displacement and stress boundary conditions are applied as shown in Figure 4.10. 
The increasing sequence of HC8/9 finite element meshes, are analyzed.  
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Figure 4.10. “Scordelis-Lo” roof model problem 

 

The convergence of the target vertical displacements ( )up
yu D , for the present 

scheme and DSG4 approach, is shown in Figure 4.11. 
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Figure 4.11. “Scordelis-Lo” roof: maximal displacements 
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44..1144..33  CCllaammppeedd  ssqquuaarree  ppllaattee  

As a test in bending dominated situations, the clamped square plate model problem, 
with edge length 2a =  and thickness 01.0=t , subjected to the uniform pressure 

100q = − , is considered. The Young’s modulus is 71.7472 10E = ⋅ , and Poisson’s 
ratio is 3.0=ν . The analytical solution for the maximal deflection at the plate 
centre C  calculated by the Kirchhoff’s plate theory is =1.26w  [26]. Only a quarter 
of the plate, shown in Figure 4.12, was analyzed due to the symmetry. The 
essential stress boundary conditions 0.01 100zz

zt
=

= −  are prescribed for the nodes 

lying on the upper surface of the plate. Further, clamped edges were simulated by 
zeroing degrees of freedom connected to the displacement ( 0x y zu u u= = = ) and 
transversal shear stress components ( 0xz yzt t= = ). This case, denoted as the Case 
A, is shown in Figure 4.12. If we want to simulate the plate theory, the additional 
assumptions that all transversal shear stress components ( xzt  and yzt ) can be 
neglected (set to zero) must be utilised. That case is denoted as Case B. 

 

100zzt = −

A

B

C

 
Figure 4.12. Clamped plate finite element model – case A 

The present model problem was discretized by the sequence of meshes with two 
layers of brick finite elements HC8/9 per thickness, that is 2N N× × . Therefore, 
axial dimension of the finite elements in the direction normal to the middle of the 
plate plane will be ( )1/100 / 2 0.005= . Consequently, in the case of the roughest 
( 8N = ) and finest finite element mesh ( 40N = ), the ratio between minimal and 
maximal axial dimension in the solid brick finite element, will be 

0.125 / 0.005 25r = =  and 0.025 / 0.005 5r = = , respectively. 

The convergence of the transversal displacements at the plate centre for the cases A 
and B, is shown in Figure 4.13. From the numerical result obtained by the present 
method in the case A, we may see that target results converge from below to the 
solution that is a little bit lower than one obtained by the Kirchhoff’s plate theory. 
On the other hand, in the case B, where the assumptions of the plate theory were 
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respected as much as possible, the target results for the sequence of refined meshes 
instantly converge to the solution which is a little bit less than one obtained by the 
Kirchhoff’s plate theory. The possible explanation for that phenomenon is given in 
the next numerical example. 

In the Table 4.2, the absolute relative displacement error ( η ) in accordance to the 
target results, as well as the work of external forces ( W ), for both analyzed cases 
are given. 

model η  (%) W  

 Case A Case B Case A Case B 
8 40.5569 0.8249 10.14775 19.03642 

10 22.1804 0.9085 13.71001 19.06954 
16 4.9201 0.8971 17.86789 19.13062 
24 1.5685 0.8111 18.91428 19.17450 
40 0.7581 0.6971 19.19474 19.21678 

Table 4.2. Convergence: displacement error and work 
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Figure 4.13. Clamped square plate: maximal deflection 

The convergence of stress component zzt  at node A  (see Figure 4.12), for both 
analyzed cases, is shown in Figure 4.14. From the present example, we may draw 
the conclusion that present approach is sensitive to the simulation of the stress 
boundary conditions. Therefore, its proper determination is of a great importance. 
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Figure 4.14. Clamped square plate: maximal stress 

44..1144..44  SSiimmppllyy  ssuuppppoorrtteedd  cciirrccuullaarr  ppllaattee  

A clamped circular plate [27] under uniform normal pressure 1p =  shown in Figure 
4.15, is analyzed. The radius of the plate is 5r =  and thickness of the plate is 

0.1t = . The material is isotropic, modulus of elasticity is =1092000E  and Poisson’s 
ratio is 0.3ν = . The plate theory solution for the central displacement and maximal 
radial stress component in the centre of the plate are -0.398137w =  and 

3093.75rrt =  [26], respectively. The model problem has two planes of symmetry. 
Therefore, one-quarter is analyzed, only. The resulting finite element mesh is 
distorted. 

The present model problem is discretized by the two layers of brick finite elements 
HC8/9 per thickness, that is 2N N× × . The essential boundary conditions per 
displacements and stresses, for case A, are given in the Figure 4.15. Hence, we will 
also examine case B, where degrees of freedom of transversal shear stress 
components are inactive (set to zero), as in the case of plate theories.  

For comparison, the results are compared with the low order plate bending finite 
element with thickness change and enhanced strains, proposed by Piltner and 
Joseph in [27], which is derived from the three-dimensional variational 
formulation, where three-dimensional constitutive equation for six stress 
components has not to be modified. The considered two-dimensional meshes are 
discretized with a same pattern as present are (see Figure 4.15). 
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Figure 4.15. Circular plate: boundary conditions 
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Figure 4.16. Circular plate: maximal deflection 
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In Figure 4.16 we can see that both analyzed cases (Case A and Case B), converge 
to the same value. Therefore, we may draw the conclusion that success of the Case 
B is mirage, from the reason that instant convergence is obtained on the account of 
the unrealistic neglecting of the transverse shear stress components. In other words, 
by minimizing shear stress influence (case B) we have “softened” the finite 
element mesh, so it may instantly undergo apparently higher deflections. This 
explains fast convergence of the considered plate element, also. Nevertheless, 
maximal deflections of the sequence of finite element meshes approximated by the 
present finite element converge to the value that is a little bit lower than one 
obtained by the Kirchhoff’s plate theory. 

The convergence of the maximal stress values ( )rrt C  for the cases A and B, where 
central node C  belongs to the lower surface of the considered model, is shown in 
Figure 4.17. The numerical solutions are compared with target results obtained by 
the plate theory [26]. We may see that both cases converge to the same value that is 
about 10% in error to the theoretical result. 
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Figure 4.17. Circular plate: maximal stress 

44..1144..55  TTwwiisstteedd  bbeeaamm  

The clamped thick twisted beam shown in Figure 4.18, under in-plane and out-of-
plane unit loading at its free end [28], is analyzed. The dimensions of the untwisted 
beam are 12 1.1 0.32× × . The beam is gradually twisted, so that its free end is rotated 
by 090  in accordance to its clamped end. The material is isotropic, modulus of 
elasticity is 7=2.9 10E ⋅  and Poisson’s ratio is 0.22ν = . The theoretical solution for 
the maximal displacement at the free end for the in-plane loading is 

( ) -35.426 10yu = − ⋅C , and for the out-of-plane loading is ( ) -31.756 10xu = − ⋅C . 
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Figure 4.18. Twisted beam 

The beam is discretized using the increasing sequence of the meshes 4 2N × × , 
where 12,  16,  96N = . Two cases of boundary conditions per displacement and 
stresses are considered. Thus, boundary conditions for Case A are 
{ }0 :  0x y z xy xz yzz u u u t t t= = = = = = = , and for case B are 

{ }0 :  0x y z xy xz yzz u u u t t t= = = = = = = and { }:  0xz yzt tΩ ∪ ∂Ω = = . The results are 
plotted in Figures 4.19 and 4.20. 
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Figure 4.19. Twisted beam: in-plane shear load 
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Figure 4.20. Twisted beam: out-of-plane shear load 

 

The visualization of the deformed model configuration and maximal stress 
component is given in Figure 4.21. 

 
Figure 4.21. Twisted beam out-of-plane loading: maximal stress result 

Further, the absolute relative displacement error ( η ) of these solutions comparing 
to target one, as well as work of external forces ( W ), are given in Tables 4.3 and 
4.4. 
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In-plane η  (%) W  

Model Case A Case B Case A Case B 
12 2.04 0.76705 2.6576E-3 2.6922E-3 
24 0.89 0.59771 2.6889E-3 2.6968E-3 
48 0.78 0.48749 2.6919E-3 2.6998E-3 
96 0.75 0.41821 2.6927E-3 2.7017E-3 

Table 4.3. Twisted beam: convergence for the in-plane loading 

Out-of-plane η  (%) W  

Model Case A Case B Case A Case B 
12 2.01 0.22722 8.5782E-4 8.7601E-4 
24 0.77 0.35752 8.7124E-4 8.7486E-4 
48 0.69 0.35985 8.7196E-4 8.7484E-4 
96 0.68 0.33747 8.7202E-4 8.7504E-4 

Table 4.4. Twisted beam: convergence for the out-of-plane loading 

From the results reported in Tables 3 and 4, we may see that present approach is 
less than 1%  in error in accordance to the beam theory. Nevertheless, present 
author are of opinion that full approximation of stresses is recommended, 
regardless of little difference in accordance to the theory solution. 

 

44..1144..66  SSttrreettcchhiinngg  ooff  aann  OOrrtthhoottrrooppiicc  ssoolliidd  

A cube of side 1 L in=  subjected to distributed surface loads, is shown in 
Figure 4.22. The material is assumed to be orthotropic and the material axes 
coincide with the global ones. Material data are: Young’s moduli 

6 6 6
1 2 310 10 ,  20 10 ,  40 10E psi E psi E psi= ⋅ = ⋅ = ⋅ , shear moduli 

6
12 13 23 10 10G G G psi= = = ⋅  and Poisson’s ratios 12 23 310.05,  0.1,  0.3N N N= = = , 

where 21 12 2 1( ) /N N E E= , 32 23 3 2( ) /N N E E=  and 13 31 1 3( ) /N N E E= . The target values 
are three displacements ( ) { }, ;x y zu u uu C =  components of point C , that is 

( ) { } -69,9.5, -1.75 10C in= ×u . As the cube is under constant strain deformation, we 
expect exact results even with only one finite element mesh. The results obtained 
coincide with exact. 
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100 p lbx = 200 p lby =
C

 
Figure 4.22. Orthotropic solid: undeformed mesh 

The visualization of displacement component 2yu u≡  is shown in Figure 4.23. 

 
Figure 4.23. Orthotropic solid: maximal displacement  

 

44..1144..77  NNeeaarrllyy  iinnccoommpprreessssiibbllee  bblloocckk  uunnddeerr  ccoommpprreessssiioonn  

In the present example, we will test whether present finite element exhibits 
Poisson’s effect (volumetric locking) in the limit of incompressibility allied to 
mesh distortion [29]. Brick under compression 0p  on the middle part of its two 
opposite surfaces, is analyzed. One octant of the system is discretized due to the 
symmetry. Geometry, loading and boundary conditions of the system are described 
in Figure 4.24, in which short line represents suppressed displacement along that 
direction. The nodes on the top of the structure are constrained in x  and y  
direction.  
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The material parameters are 280.194 /N mmµ =  and 2400889.806  /N mmλ = . 
Consequently, modulus of elasticity is 2240.56595979 /E N mm=  and Poisson’s 
ratio is .499899987ν = .  

The deformed configuration of the considered 6 6 6× ×  finite element HC8/27 
mesh, superimposed with picture of the stress component zzt , shown in 
Figure 4.25, reveals that there is no spurious behavior of displacement (see 
deformed configuration) and stresses (see/examine the smoothness of the stress 
pattern) when the finite element HC8/27 is used. 

 
24 Np

mm
=

1 a mm=

 
Figure 4.24. Block under 

compression 

 
Figure 4.25. Block under compression: 

maximal stresses 

 

44..1144..88  HHyyddrroossttaattiicc  pprreessssuurree  iinn  iinnccoommpprreessssiibbllee  mmaatteerriiaallss  

To assess the performance of the present three-dimensional finite element HC8/9 in 
nearly incompressible and incompressible state, a problem of the unit square block 
subjected to a hydrostatic pressure p=1, is considered. The elastic modulus was 
taken as E=0.02·108 (rubber), while Poisson’s ratio was gradually increased. The 
model problem is discretized by one finite element. 

The displacement and stress results for different values of Poisson’s ratio are given 
in Table 4.6. We can see that present finite element HC8/9 shows excellent 
performance in the nearly incompressible state, while results slightly deteriorate for 
Poisson’s value above ν=0.4999999999, which is out of relevance for real 
industrial applications in solids. 
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The unit square block model problem, E=0.02·108 
ν=0.4999999 

Node ux uy uz txx tyy tzz txy txz tyz 
1 0. 0. 0. 1. 1. 1. .54E-22 -.31E-22 .19E-22 
2 .10E-12 0. 0. 1. 1. 1. .23E-15 .21E-15 -.46E-22 
3 .10E-12 .10E-12 0. 1. 1. 1. .33E-15 -.18E-15 -.21E-16 
4 0. .10E-12 0. 1. 1. 1. .95E-16 -.33E-22 .98E-16 
5 0. 0. .10E-12 1. 1. 1. -.16E-22 .11E-15 .17E-15 
6 .10E-12 0. .10E-12 1. 1. 1. -.16E-15 .33E-15 -.20E-15 
7 .10E-12 .10E-12 .10E-12 1. 1. 1. -.19E-15 -.45E-15 -.22E-15 
8 0. .10E-12 .10E-12 1. 1. 1. -.24E-16 -.26E-15 .27E-15 

ν=0.4999999999 
Node ux uy uz txx tyy tzz txy txz tyz 

1 0. 0. 0. 1. 1. 1. -.10E-24 .72E-25 .25E-25 

2 .10E-15   
0. 0. 1. 1. 1. .91E-16 .15E-15 -.90E-25 

3 .10E-15 .10E-15 0. 1. 1. 1. .75E-16 -.19E-15 .17E-15 
4 0. .10E-15 0. 1. 1. 1. -.15E-16 -.45E-25 -.21E-16 
5 0. 0. .10E-15 1. 1. 1. .81E-25 -.12E-15 -.20E-15 
6 .10E-15 0. .10E-15 1. 1. 1. -.25E-15 .25E-16 .60E-16 
7 .10E-15 .10E-15 .10E-15 1. 1. 1. -.81E-16 -.61E-16 .23E-15 
8 0. .10E-15 .10E-15 1. 1. 1. .17E-15 .13E-15 -.22E-15 

ν=0.5 
Node ux uy uz txx tyy tzz txy txz tyz 

1 0. 0. 0. .54 .54 .54 -.33E-30 -.49E-30 .98E-31 
2 -.23E-21 0. 0. .56 .56 .56 -.23E-15 -.96E-16 -.49E-31 
3 -.59E-21 .59E-22 0. .54 .54 .54 -.41E-15 -.89E-16 -.35E-16 
4 0. .326E-21 0. .56 .56 .56 -.17E-15 .22E-30 .15E-15 
5 0. 0. -.11E-20 .56 .56 .56 .50E-30 .33E-15 .35E-15 
6 -.38E-21 0. -.60E-21 .54 .54 .54 -.23E-15 .24E-15 .18E-15 
7 -.72E-21 .536E-23 -.33E-21 .56 .56 .56 -.60E-15 .73E-16 .14E-15 
8 0. .56E-21 -.57E-21 .54 .54 .54 -.37E-15 .16E-15 .51E-15 

Table 4.6. The behavior of 3D finite element HC8/9 toward incompressibility. 

4.15 Conclusion 

The preliminary investigation of a new full three-dimensional primal-mixed finite 
element method, that allows simultaneous continuous approximation of stress and 
displacement fields, employing low order finite element HC8/9, is presented. The 
present finite element exhibits a good behavior without experiencing any locking 
phenomena or zero energy modes, performing well for compressible and nearly 
incompressible materials, regardless of model problem geometrical characteristics. 

The three-dimensional multifield finite element approach in elastostatics analysis 
of isotropic, orthotropic and anisotropic materials, based on Hellinger-Reissner’s 
principle with no dimensional reduction and numerical tune-ups, for direct 
calculation of full stress (six independent components of second order stress 
tensor) and displacement (three components of displacement vector) fields, is 
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presented. It has two essential contributions in accordance to the similar 
approaches, the stress field is approximated by continuous base functions, and 
known stress constraints may be treated as the essential boundary conditions. 

In addition, there is possibility to apply initial stress (or strain) field. It is proven 
that proposed finite element HC8/27 is reliable, even in the limit problems 
discretized by highly distorted meshes. Consequently, it could be recommended for 
the use in the analysis on non-smooth model problems of arbitrary geometry in the 
compressible and nearly incompressible limits. Accordingly, its restriction HC8/9, 
which does not pass inf-sup test is recommended for the analysis of regular model 
problems. In order to avoid the geometrical invariance error and to enable 
introduction of known displacement and stress constraints and surface forces, in an 
adequate coordinate systems, the underlying finite element scheme is coordinate 
independent. The satisfaction of convergence requirements of the present finite 
element scheme makes it a promising field for future research undertakings, 
including research in the materially non-linear solid continua. In addition, 
capability to introduce initial strain due to, for example, thermal effects makes the 
present approach applicable for determination of thermal stresses, which is left for 
further report. 
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CChhaapptteerr  55  PPrriimmaall--mmiixxeedd  ffoorrmmuullaattiioonn  iinn  ppllaannee  ssttrraaiinn  aanndd  ssttrreessss  
aannaallyyssiiss  

The most frequent motivation for the use of mixed methods is their robustness in 
the presence of certain limiting and extreme situations [1], as the problems of 
incompressibility or locking are. At variance, the main goal of the present paper is 
to reconsider the use of mixed formulation as a tool for wider application, i.e., to 
study the stability and efficiency of the proposed procedure treating problems 
otherwise well suited for the solution by the usual displacement method. The weak 
form of a mixed problem, associated with Hellinger-Reissner variational principle 
[1,2] in membrane analysis, is used. Because the displacement spaces are the same 
as in the classical displacement approach, and the stress space can be discontinuous 
at the element boundaries, it is a straightforward task to construct the elements of 
the above type.  

However, it is possible to consider, where appropriate, also the continuous stress 
spaces. This approach has been successfully used by Mirza and Olson [3] for linear 
triangles and in [4] for bilinear isoparametric quadrilaterals, and the numerical 
results indicated high accuracy of a model. The problem of solvability of such 
configurations has been further elaborated in [2,5] by Zienkiewicz and Taylor et al. 
The next two steps in the development of a model were the introduction of stress 
constraints as essential boundary conditions [6], and stabilization of primal-mixed 
elements by full or partial hierarchic interpolation of stresses one order higher than 
displacements [7]. The accuracy of the formulation has been studied in [8], and the 
efficiency in [9]. In this paper we consider the stability of the scheme more 
rigorously, by the use of the numerical inf-sup test [10,11,12]. One of the most 
important results of the present paper is the numerical proof of stability of the 
primal-mixed Taylor-Hood type interpolation in elasticity. It has also been shown 
that some configurations, not stable in the LBB (Ladyzhenskaya, Babuska, Brezzi) 
sense, can be extremely efficient, at least in the case of smooth boundary 
conditions. 

In the present chapter a coordinate independent finite element primal–mixed 
approach based on the stationary Reissner's principle, having both the displacement 
and stress boundary conditions exactly satisfied and solvable by direct Gaussian 
elimination procedure, is presented. The main goal of this paper is to show that the 
proposed procedure is easy for implementation, robust, stable near singularities and 
more efficient, in the sense of the execution time needed for the prescribed 
accuracy, than classical displacement finite element procedure. Because Gaussian 
procedure is obvious in the classical finite element analysis, the proposed approach 
ensures a fair basis for the comparison of computational efficiencies of these two 
approaches. 
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5.1 Introduction 

One of the most common techniques for the analysis of the deformed state of a 
solid body (i.e. solution of the corresponding boundary–value problems), for which 
exact solution cannot be found explicitly, is the finite element method. Finite 
element formulation of the weakly formulated boundary–value problem is obtained 
by seeking a critical point of the relevant functional over a finite dimensional 
subspace of the admissible trial functions. The unknown fields are approximated by 
the set of nodal values and by interpolation functions between nodes. 

An irreducible finite element scheme (e.g. the displacement procedure) is usually 
named a primal finite element method. Otherwise, if reducible, it is known as a 
mixed finite element method (it calculates simultaneously two or more variables). 

Mixed finite element methods are based on formulations having also the stresses 
and/or strains as fundamental variables (in the mechanics of solids), at variance 
with the classical (primal) finite element method where fundamental unknowns are 
displacements only. There are opinions [1] that mixed methods have some serious 
drawbacks. For instance, a fact that discrete mixed system involves more degrees 
of freedom than a primal one, and hence the unacceptable execution time for the 
same mesh, is considered as one of main disadvantages of mixed 
methods.However, in this paper it will be shown that the present mixed model is 
(orders of magnitude) faster than classical finite element analysis for the same 
accuracy.  

Further, the classical approach, based on an extremum principle of the minimum of 
the potential energy, has a positive definite system matrix. On the contrary, as a 
saddle point problem, mixed approach leads to an indefinite system of algebraic 
equations, thus narrowing the number of solution techniques that can be applied 
directly. Nevertheless, a usual sparse Gaussian elimination solver can be, and has 
been, successfully used for the solution of the resulting systems of equations of the 
proposed procedure. Furthermore, it has been shown, by numerical examples, that 
the present approach is stable near singularities, at variance with some other 
closely related procedures. 

5.2 Fundamental equations and classical FE formulation 

Although the classical finite element method can be applied in various mechanical 
problems, here we analyze finite elements of an elastic continuum. 

Let us consider field equations of linear elasticity, that is, the constitutive equation: 

( )T :e u 0− =C   in  Ω  ( 5.1) 
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and the equilibrium equation 

divT f 0+ =   in  Ω  ( 5.2) 

In these expressions, T is the symmetric stress tensor, u the displacement vector, e 
denotes the infinitesimal strain tensor, f the vector of the body forces, C the 
elasticity tensor and Ω is an open, bounded domain of the elastic body. 

In order to find out unique solution of the above equations, a traction (Neumann) 
and geometric (kinematic, Dirichlet) boundary conditions should be defined: 

Tn p 0 − =  on   ∂Ωt  ( 5.3) 

u w 0− =    on ∂Ωu  ( 5.4) 

where, n is the unit normal vector to the (Lipschitzian) boundary ∂Ω, w is the 
vector of the prescribed displacements and p is the vector of the boundary 
tractions, while ∂Ωu and ∂Ωt are respectively the portions of the ∂Ω where 
displacements and stresses are prescribed. 

Weak formulation of the primal problem is obtained by writing the equilibrium law 
in weak form and integrating by parts: 

Find ( )u ∈ H n1 Ω  such that u w∂Ωu
=  and 

( ) ( )e v : :e u v f v p
Ω Ω

Ω Ω∫ ∫ ∫= ⋅ ⋅C d d d
t

  +   ∂Ω
∂Ω

 ( 5.5) 

for all ( )v ∈ H n1 Ω  such that v ∂Ωu
= 0. 

Here, ( )H n1 Ω  is the space of all vectorfields which are square integrable and have 
square integrable gradient and n is the number of spatial dimensions of the problem 
under consideration, while v  are the weight functions. 

After the problem is defined in a weak form, some discretization technique should 
be introduced in order to find a solution over a finite dimensional space Uh  of trial 
functions uh. 

From the above sketch of the classical finite element displacement method (CFE) it 
is obvious that stresses, although often most important quantities, have to be 
determined a posteriori by differentiation in so–called post–processing part of 
finite element analysis which entails a loss of accuracy [1]. This is a serious 
drawback of the displacement finite element method and the main reason for the 
introduction the mixed finite element scheme as an alternative basis for studying 
the behavior of continuous bodies. 
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5.3 Present primal–mixed formulation 

The weak formulation of a mixed problem, associated with Hellinger–Reissner's 
variational principle [2] is used: 

Find a pair { } ( ) ( )u T, ∈ × ×H Ln
sym
n n1 2Ω Ω  such that u w∂Ωu

=  and: 

(  )

 

AS:T S: u v:T

v f v p

− ∇ − ∇ =

− ⋅ − ⋅

∫

∫ ∫
Ω

Ω Ω

Ω

Ω

d

d d
t

∂Ω
∂

 ( 5.6) 

for all { } ( ) ( )v S, ∈ × ×H Ln
sym
n n1 2Ω Ω  such that v 0∂Ωu

= . 

In this expression A C= −1 is the elastic compliance tensor, while S are test 
functions. Space ( )L sym

n nΩ ×  is the space of all symmetric tensorfields. 

Because the displacement spaces are the same as in the classical displacement 
approach, and the stress space can be discontinuous at the element boundaries, it is 
a straightforward task to construct the elements of the above type. However, it is 
possible to consider also the continuous stress spaces, i.e. ( )T ∈

×
H

n n1 , the space of 
all symmetric tensorfields that have square integrable gradient. This approach has 
been successfully used by Mirza and Olson [3] for linear triangles and in [4] for 
bilinear isoparametric quadrilaterals, and the numerical results indicated high 
accuracy of a model. 

However, it looks that theoretical and practical aspects of the direct treatment of 
stress constraints as essential boundary conditions, at least in the most general case 
of the formulation ( 5.6), and stabilization of primal–mixed elements by bubbles, 
were first published in the papers [5,6] respectively. 

5.4 Finite element subspaces 

We let Ch be the partitioning of Ω into elements Ωi and define the finite element 
subsets for the displacement vector, the stress tensor and the appropriate weight 
functions respectively as: 

( )U Hh
n K

i K i hu i
U= ∈ = ∀Ω ∈{ ( ) , = ( ) , },u u w u u1 Ω ΩΩ∂Ω C  

( )V Hh
n M

i M i hu i
V= ∈ = = ∀Ω ∈{ ( ) , ( ) , },v v 0 v v1 Ω ΩΩ∂Ω C  
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( )T H Th
n n

t i L i
L

i h= ∈ ⋅ = = ∀Ω ∈
×

{ ( ) , ( ) , },T T n p T T1 Ω ΩΩ∂Ω C  

( )Sh
n n

t i L i
L

i hH S= ∈ ⋅ = = ∀Ω ∈
×

{ ( ) , ( ) , }.S S n 0 S S1 Ω Ω∂Ω ∂Ω
C  

In these expressions uK and T L  are the nodal values of the vector u and tensor T 
respectively. Accordingly, U K  and TL are the corresponding values of the 
interpolation functions, connecting the displacements and stresses at an arbitrary 
point in Ωi (the body of an element), and the nodal values of these quantities. The 
complete analogy holds for the displacement and stress variations (weight 
functions) v and S respectively. 

5.5 Compact matrix form of the FE equations 

As it has been shown in [5], problem under consideration based on ( 5.6) can be 
formulated in the symbolic matrix form as: 

A D
D 0

t
u

A D
D 0

t
u

0
F P

vv vv

vv
T

v

v

vp vp

pv
T

p

p p p

−
−

⎡

⎣⎢
⎤

⎦⎥
⎡

⎣⎢
⎤

⎦⎥
=

−⎡

⎣
⎢

⎤

⎦
⎥

⎡

⎣
⎢

⎤

⎦
⎥ − +

⎡

⎣
⎢

⎤

⎦
⎥  ( 5.7) 

In these expressions the nodal stresses t L st and displacements uKq components are 
consecutively ordered in the column matrices t and u respectively. The members of 
the matrices A and D and of the vectors (column matrices) F and P (discretized 
body and surface forces) are respectively: 

( ) ( ) ( ) ( ) da b c d
NuvLst N N u N v abcd L s L t L

e
A S g g A g g T

Ω

= Ω∑∫  ( 5.8) 

( )
( ) ( )dKq K a K q

Nuv N a N u N v
Ee

D S U g Vg= ∑∫  ( 5.9) 

( ) d
i

Mq M q M a
a

e
F g V f V

Ω

= ∑ ∫  ( 5.10) 

( ) dMq M q M a
a

ite
P g V p

∂

∂
Ω

= Ω∑ ∫  ( 5.11) 

where 

( ) ( )  
( ) ( ) ( )=

k l
K m K mn
L s kl K n L s

z zg g
x y

∂ ∂δ
∂ ∂

 ( 5.12) 
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( ) ( )=

k l
a ab
L s kl b L s

z zg g
y

∂ ∂δ
∂ξ ∂

 ( 5.13) 

( ) ( )  
( )=

k l
K q K qp

b kl b K p

z zg g
x

∂ ∂δ
∂ξ ∂

 ( 5.14) 

In above expressions,(5.12 – 5.14) are the Euclidean shifters. In zi (i, j,k,l= 1,2,3) 
are the global Cartesian coordinates, while x(K)n (m,n,p,q =1,2,3) and y(L)s 
(r,s,t,u,v=1,2,3) are local (nodal) coordinates, used for determination of the nodal 
displacements and stresses respectively.  

Commonly used notions,   ( , , , , , )ξa a b c d = 1 2 3  are taken for the local (element) 
coordinates, usually convected (parametric, isoparametric). Further, g(K)mn and gab 
are the components of the contravariant fundamental metric tensors, the first one 
with respect to x(K)n and the second to ξb . Computation of these quantities is 
described in detail per instance in [6]. Furthermore, U Ua

K K a= ∂ ∂ξ/ . Finally, Aabcd 
are the components of the elastic compliance tensor A, while f a  and p a  are the 
body forces and boundary tractions, respectively. Integration is performed over the 
domain Ωi of each element, or over the part of the boundary surface ∂Ωit where the 
tractions are given, while summation is over all the e elements of a system.  

Because the tensorial character [7] of (6) is fully respected, one can choose at each 
global node different coordinate systems for the stresses and/or displacements, for 
the most convenient application of boundary conditions and interpretation of output 
results. 

5.6 Solvability of a system 

The Equation (5.7) can be rewritten in the simplified form: 
) )

)

)

)
A D

D 0

t

u

q

rT

−

−

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

⎡

⎣
⎢

⎤

⎦
⎥  =   ( 5.15) 

Necessary conditions for the solvability of the above equation can be checked by 
the patch test of Zienkiewicz et al. [5], while the sufficient ones can be confirmed 
by the use of the eigenvalue analysis of Olson [14].  

The results of these tests are given in the Table  5.1–Table  5.5. In these tables, all 
displacement degrees of freedom at node, i.e., {u1,u2} are considered to be active 
and the displacement node is denoted by circle.  
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The stress nodes with all three stress components {t11,t12,t22} active are denoted by 
the rectangular triangle. If only one stress component is active, the stress node is 
denoted by the appropriate dash, i.e., — {t11,0,0}, \ {0,t12,0}, | { 0,0,t22}. 

When solvability and stability of a solution of ( 5.7) are considered, LBB 
(Ladyzhenskaya, Babuska, Brezzi) condition [8] is often cited. Here some of its 
algebraic implications will be elaborated. In the accordance with Carey and Oden 
[9] p. 134, if LBB is to hold, we should have 

dim dimT Uh h≥ ∇  ( 5.16) 

In the present context 

∇ = = ∇ + ∇ ∈U Uh h hh h
t

h{ ,  }2e u u u  ( 5.17) 

is evidently a strain subspace. Let us discuss now the dimensions (number of 
entries) of the finite element spaces under consideration. In the absence of the 
boundary conditions, and if the same mesh is used for both the displacements and 
stresses, taking also into account the symmetry of the stress tensor, the dimensions 
of the displacement, strain and stress spaces will be respectively: 

1
2

1
2

dim U  ;   dim T ( 1)
dim U ( 1)

u h u t h t

e h u

n n N n n n N
n n n N

= = = = +

= ∇ = +
 ( 5.18) 

Certainly,  Th  and ∇Uh  are the spaces of the second order tensors. Each of these 
tensors has n(n+1)/2 components, where n is the number of spatial dimensions of 
the problem under consideration. Furthermore, Nt is the number of nodes of a stress 
mesh, while Nu is the number of nodes of a displacement mesh. From ( 5.16) and 
( 5.17) it follows directly that, in the absence of the stress boundary conditions, 
( 5.16) will be satisfied if 

t uN N≥  ( 5.19) 

This relationship justifies the relative success of the scheme [2,3,4,23], where 
t uN N≡  

If (some or all) of the stress boundary conditions are enforced, the number of 
unknown nodal stresses in ( 5.7) is decreased.  

Hence, the conditions ( 5.16) and consequently ( 5.19) are endangered. In practice, 
this means that the solution of ( 5.7) is likely to fail. To eliminate the problem one 
can apply, instead of ( 5.19), a somewhat conservative heuristic rule 
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*
t t uN N N− ≥  ( 5.20) 

In this expression, Nt
* is the number of nodes having at least one of the stress 

components prescribed. 

It is evident that (5.20)) cannot be satisfied for t uN N=  i.e. if the same mesh is 
used for both the displacements and stresses. Hence it is necessary to enrich the 
stress mesh by the additional nodes. Note that, due to Arnold [1], enrichment of the 
space hT  increases stability of a solution. More details will be given in the 
discussion on the numerical example. 

5.7 Patch test 

This simple test is useful in our case, because it helps to eliminate some of many 
combinations of stress interpolations and boundary conditions (Table  5.1–Table 
 5.5). For the better readability, the element acronyms are taken from [5]. In these 
tables the degrees of freedom are counted in such a manner that, at common nodes, 
are divided by the number of adjacent elements (2 or 4). It is considered that the 
element (configuration) passes patch test if the number of the stress degrees of 
freedom nt is greater than the number of displacements degrees of freedom nu.  

From the Table  5.1 it is evident that although QC4/4 without essential stress 
boundary conditions satisfies necessary solvability conditions (configuration 4.5), 
introduction of any such condition makes configuration unsolvable (configurations 
4.2–4.4). This has been the first [7] and perhaps the most naïve motivation for the 
introduction of higher order interpolation for stresses than for displacements in the 
present formulation. 

5.8 Eigenvalue analysis 

The next test, sufficient for the solvability, is eigenvalue analysis of the system 
matrix in ( 5.15). Note that number of positive eigenvalues correspond to the 
number of stress degrees of freedom nt. Total number of zero and negative 
eigenvalues is equal to the number of displacement degrees of freedom nu (in our 
case 4×2=8). The results are shown also in Table  5.1–Table  5.5 Because free two–
dimensional configurations are considered, the test is passed if the number of zero 
eigenvalues is 3 i.e., equal to the member of the rigid body degrees of freedom. If 
greater than 3, some mechanisms are present, and the problem can’t be solved. 
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QC4/4 Primal–mixed finite element model 
stress and displacement bilinear approximation 

  Patch test[5] Eigenvalues test [14]  

Configuration Figure degrees of 
freedom status displacement 

modes 
stress 
modes status Comments 

  nt nu  λ<0 λ=0 λ>0   

4.1 

 

12
4

 
8

4
 pass – – – – 

Core 
building 

block 

4.2 

 

10

4
 

12

4
 fail – – – – 

Boundary 
building 

block 

4.3 

 

7
4

 
18

4
 fail – – – – 

Corner 
building 

block 

4.4 

 

0 4×2-
3=5 fail – – – – 

Free 
element 

with stress 
boundary 
conditions 

4.5 

 

12 4×2-
3=5 pass 5 3 12 pass 

Free 
element 
without 
stress 

boundary 
conditions 

Table  5.1 Necessary and sufficient solvability tests. One–element configurations QC4/4 
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QC4/9 
Primal–mixed finite element model 

displacement bilinear approximation, stress biquadratic approximation 

  Patch test[5] Eigenvalues test [14]  

Configuration Figure Degrees of 
freedom status displacement 

modes 
stress 
modes status Comments 

  nt nu  λ<0 λ=0 λ>0   

9.1 

 

48

4
 

8

4
 pass – – – – 

Core 
building 

block 

9.2 

 

44

4
 

12

4
 pass – – – – 

Boundary 
building 

block 

9.3 

 

26

4
 

12

4
 pass – – – – 

Boundary 
building 

block 
(restricted) 

9.4 

 

39

4
 

18

4
 pass – – – – 

Corner 
building 

block 

9.5 

 

 

27

4
 

18

4
 pass – – – – 

Corner 
building 

block 
(restricted) 

9.6 

 

7 4×2-
3=5 pass 5 3 7 pass 

Free 
element 

with stress 
boundary 
conditions 

Table  5.2 Necessary and sufficient solvability tests. One–element configurations QC4/9 
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Element 

QC4/5 

Primal–mixed finite element model 

displacement bilinear approximation,  stress biquadratic approximation 
(bubble only) 

  Patch test [5] Eigenvalues test [14]  

Configuration Figure Degrees of 
freedom status displacement 

modes 
stress 
modes status Comments 

  nt nu  λ<0 λ=0 λ>0   

5.1 

 

24

4
 

8

4
 pass – – – – 

Core 
building 

block 

5.2 

 

22

4
 

12

4
 pass – – – – 

Boundary 
building 

block 

5.3 

 

19

4
 

18

4
 pass – – – – 

Corner 
building 

block 

5.4 

 

3 4×2-
3=5 Fail 3 5 3 fail 

Free 
element 

with stress 
boundary 
conditions 

Table  5.3 Necessary and sufficient solvability tests. One–element configurations QC4/5 
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Primal–mixed finite element model 

  Patch test [5] Eigenvalues test [14]  

configuration Figure 
Degrees 

of 
freedom 

status displacement 
modes 

stress 
modes status Comments 

  nt nu  λ<0 λ=0 λ>0   

1 
4.1 4.1

4.1 4.1
 

27 
18–
3 

=15 
pass 15 3 27 pass 

QC4/4 

without 
stress 

boundary 
conditions 

2 
9.4 9.4

9.4 9.4
 

39 
18–
3 

=15 
pass 15 3 27 pass 

QC4/9 

Taylor–
Hood type 

element 
with stress 
boundary 
conditions 

3 
9.5 9.5

9.5 9.5
 

27 
18–
3 

=15 
pass 15 3 27 pass QC4/9 

4 
5.3 5.3

5.3 5.3
 

19 
18–
3 

=15 
pass 13 5 19 fail 

QC4/5 

Two 
mechanisms 

Table  5.4 Necessary and sufficient solvability tests. 2×2 element configurations 
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Primal–mixed finite element model 

  Patch test [5] Eigenvalues test [14]  

configuration Figure 
Degrees 

of 
freedom 

status displacement 
modes 

stress 
modes status Comments 

  nt nu  λ<0 λ=0 λ>0   

1 
4.1

4.1

4.1

4.1 4.1

4.1

4.1

4.1

4.1

 

48 
32–
3 

=29 
pass 29 3 48 pass 

QC4/4 

without 
stress 

boundary 
conditions 

2 
9.4

9.1

9.4

9.4 9.4

9.2

9.2

9.2

9.2

 

95 
32–
3 

=29 
pass 29 3 95 pass 

QC4/9 

Taylor–
Hood type 

element 
with stress 
boundary 
conditions 

3 
9.5

5.1

9.5

9.5 9.5

9.3

9.3

9.3

9.3

 

59 
32–
3 

=29 
pass 29 3 59 pass 

QC4/5 

QC4/9 

4 
9.5

5.1

9.5

9.5 9.5

5.2

5.2

5.2

5.2

 

55 
32–
3 

=29 
pass 29 3 55 pass 

QC4/5 

QC4/9 

5 
9.5

4.1

9.5

9.5 9.5

5.2

5.2

5.2

5.2

 

52 
32–
3 

=29 
pass 29 3 52 pass 

QC4/4 

QC4/5 

QC4/9 

Table  5.5 Necessary and sufficient solvability tests. 3×3 element configurations 
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The eigenvalues of system matrix based on the finite element configuration QC4/9 
with unsuppressed degrees of freedom, are given in the Table 5.6.  

 

 

Eigenvalues of the QC4/9 system matrix 
Primal-mixed formulation in plain stress finite elemen analysis 

v1 

 

v2 
 

 

v3 
 

 

v4 
 

 

v5 
 

 

v6 
 

 

v7 
 

 
0.0054 0.0054 0 0 0 0.0099 0.0099 

v8 
 

 

v9 
 

 

v10 
self-

equilibrate 
stresses 

v11 
 

 

v12 
 

 

v13 
 

 

v14 
no 

displacement 

0.0196 0.0196 0.0194 0.0053 0.0014 0.0026 0.0361 

v15 
no 

displacement 

v16 
no 

displacement 

v17 
 

 

v18 
no 

displacement 

v19 
 

 

v20 
 

 

v21 
 

 
0.0312 0.0723 0.0339 0.0578 0.0627 0.1503 0.1503 

v22 
 

 

v23 
 

 

v24 
 

 

v25 
 

 

v26 
 

 

v27 
 

 

v28 
 

 
0.1155 0.1247 0.2731 0.2731 -0.2201 -0.2201 0.5540 

v29 
 

 

v30 
 

 

v31 
 

 

v32 
 

 

v33 
 

 

v34 
 

 

v35 
 

 
0.5540 -0.5068 -0.5806 -0.6644 1.3454 1.7718 3.1112 

Table  5.6 Eigenvalues of the finite element QC4/9 system matrix  
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5.9 Stability. Inf–sup test. 

The finite element is stable if it satisfy two necessary conditions for stability in 
Brezzi’s theory [11]. The first Brezzi’s condition is ellipticity requirement and the 
second one is the inf–sup test. In the present case the first Brezzi’s condition is 
automatically satisfied, since according to [1] primal–mixed formulation 
automatically satisfies the ellipticity on the kernel. 

The element considered here can be in fact identified as an application of the 
quadrilateral Taylor-Hood type element in elasticity (Brezzi and Fortin [15], p.284, 
example 3.3), where it has been said: “It is not known if this element is stable”. 
Hence it has been decided to use inf-sup test of Chapelle and Bathe [10] to check 
the stability of some configurations considered. The numerical inf-sup test will be 
satisfied if for the meshes of increasing density, value µmin : 

( )
µ min inf sup

,
=

∈ ∈u T

T u

T uH L

b h h

h h
1 2  

 ( 5.21) 

remains bounded above zero. The entries in ( 5.21) can be defined as: 

1( ) 0T d−

Ω

+ ∇ Ω =∫ k q Q  ( 5.22) 

T T Th h h
e

d
i

2
= ∫∑ : Ω

Ω

 ( 5.23) 

u u uh h h
e

d
i

2
= ∇ ∇∫∑ T : Ω

Ω

 ( 5.24) 

In the present context the energy norms were used rather than L2 ones, ( 5.23) and 
( 5.24): 

T T Th U h h
e

d
i

2
= ∫∑ A : Ω

Ω

 ( 5.25) 

u u uh U h h
e

d
2

= ∇ ∇∫∑ T :C Ω
Ω

 ( 5.26) 

For the practical reasons one can rewrite these expressions in a matrix form: 

( )b h hT u, = t D uT  ( 5.27) 

Th
2

= t A tT
0  ( 5.28) 
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uKu 0
T2 =hu  ( 5.29) 

Th
2

= t A tT  ( 5.30) 

uh U

2
= u K uT  ( 5.31) 

In the last expression, the elements of the stiffness matrix K of the classical primal 
formulation are given by: 

( ) ( )K g U C U g dm n
L a

m
b
L abcd

d
K

c
n

e
K

i

Λ Γ Λ Λ

Ω

Γ ΓΩ Ω Ω= ∫∑   ( 5.32) 

where for the isotropic elastic material in plane stress problems: 

( )
( )( )[ ]Cabcd ab cd ac bd ad bcE

g g g g g g=
−

+ − +
2 1

2 1
2 ν

ν ν  ( 5.33) 

Note that for the calculation of A0 and K0 one can use the same routines as for A 
and K respectively, choosing E=1 and ν=0 in the expressions (5.18) and ( 5.33). 
However, at least for this particular problem, there is a negligible change of the 
numerical value of µmin, when A and K are replaced by A0 and K0 respectively. 

We determine µmin, the smallest eigenvalue of the generalized eigenvalue problem 
as it is defined by Brezzi [11], p.76, (3.22), or Babuška [12], p.14. In matrix 
notations: 

D A D u K uT -1
i i i= µ2  ( 5.34) 

The geometry of the test problem considered (Figure  5.1) is the same as in 
Chapelle and Bathe [10]. The results from [24] are given in the Figure  5.2. The 
points at this figure correspond to configurations defined in Table  5.1–Table  5.5. 
To be more specific, one–element point on the line QC4/4 corresponds to 
Configuration 4.5 (Table  5.1), while 2×2 and 3×3 cases are given as configuration 
1, Table  5.4 and Table  5.5 respectively.  

Additional configurations (4×4 and 5×5) are constructed by the expansion of 3×3 
configurations, retaining the same type of core, side and corner blocks. Similarly, 
one–element configuration corresponding to lines QC4/9 and QC4/9+ QC4/5 can 
be found in Table  5.2, as 9.6, while multi–element configurations are defined as 
cases 2 and 3 respectively, Table  5.4 and Table  5.5. 
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Figure  5.1 Inf–sup test model considered. 
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Figure  5.2 Inf–sup results, primal-mixed elements. 

From the above analysis it follows that the primal–mixed Taylor–Hood type 
quadrilateral element in elasticity QC4/9, at least for the configuration considered, 
is stable even in the presence of essential stress boundary conditions. This is an 
important result, because theoretical bounds for inf–sup value in this case are 
lacking [15]. 

Unfortunately, various more economical restrictions of the above formulation, 
albeit solvable, are not proven to be stable. Nevertheless, these formulations, at 
least in the case of smooth enough boundary conditions, are highly accurate and 
converge with the optimal convergence rate. 
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5.10 Some details of the solution procedure 

For the sake of the better insight in the solution procedure, the two-dimensional 
model problem will be considered. In that case for the each mutually 
interconnected (by the common element(s)) pair of nodes L and M, or L and K, 
respectively, submatrices of A and D have following structure: 

A
A A A

A A A A A A
A A A

LM

L M L M L M

L M L M L M L M L M L M

L M L M L M

= + + +

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

11 11 11 12 11 22

12 11 21 11 12 21 21 12 12 22 21 22

22 11 22 12 22 22

2
2 2

2
 ( 5.35) 
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⎢
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⎥
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2

21
2
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1

22
2

 ( 5.36) 

In these expressions indices 1 and 2 correspond to the displacements at the node K, 
while the indices 11, 12, 21 and 22 correspond to the stresses at nodes L and/or M. 

The first main programming step in the above problem is an assembly procedure of 
the left and right sides of ( 5.7). The second one is the solution procedure of the 
resulting system ( 5.7). The most natural and fastest way in the assembly procedure 
of ( 5.35) and (5.36) is to loop through the elements with putting in connection pairs 
of nodes L and M. At the left side of ( 5.35) the unconstrained degrees of freedom 
(components tv and uv) connected with the current node L are retained. At the right 
side the terms connected with the known components tp and up) are situated. The 
rows and columns connected with the components with zero tp and up are 
neglected. 

It should be noted also that the assembly procedure has been performed using the 
loops over the tensorial indices in the expressions for ( 5.8)–( 5.11), which looks to 
be more efficient than matrix formulation. The matrix on the left side of ( 5.7) is 
indefinite, but it is also symmetric and sparse.  

Consequently, the symmetric sparse Gaussian elimination procedure can be used 
for the solution. Zeroes at the main diagonal of the system matrix are not an 
obstacle because triangularization procedure fills these positions with nonzero 
values. 

It has been shown by the numerical examples that despite the fact that the resulting 
system ( 5.7) is obviously larger than in the classical finite element analysis, the 
efficiency of the procedure, measured as the accuracy versus the solution time, is in 
favor of the mixed formulation. 
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5.11 Stable elements and efficient solution procedure 

The question of stability of the present scheme, as of a saddle–point problem, is of 
paramount importance. For the purpose of forming the stable primal–mixed system 
of algebraic equations, the results of the section 3.3 were taken into account. If 
there are no traction boundary conditions, the same bilinear shape functions for 
displacements and stresses are sufficient to maintain the solvability of a system, see 
(18). On the other hand, when essential traction boundary conditions are 
introduced, number Nt has to be increased (at least by a central, bubble node or by 
all additional five quadratic nodes, not necessarily in all elements) to satisfy (19). 

Further, an efficient solution procedure is obtained by reordering of nodes in that 
way that degrees of freedom connected with additional nodes always appear first in 
the solution procedure. Note that this is nothing else than a nested dissection [16] 
ordering. 

5.12 Numerical examples 

In order to illustrate the efficiency of the present primal–mixed finite element 
method two–dimensional plane stress linear isotropic elastic model problems were 
examined. 

The present procedure has been compared with the classical displacement type 
procedure (CFE) based on a primal scheme. In the case of the displacement 
procedure calculations of stresses were done a posteriori (in so called post–
processing part of finite element analysis) either with local stress smoothing by 
averaging the stresses at global nodes (CFEavrg) or by the global projection 
procedure (FEDSS) [10]. 

Let’s now explain the notion of different suffixes added to the present method 
acronym FEMIX. If the primal–mixed scheme has the suffix BL, this means that 
same spaces for both fields of interest (here displacement and stresses) are chosen 
and that there is no traction boundary conditions introduced. Further, suffix HB 
indicates that stress mesh is enriched with additional bubble nodes in all elements. 
Finally, if there is a suffix HBB, stress bubble nodes are added only in elements 
along a physical boundary. It is known that at each finite element mesh global node 
there are as many degrees of freedom as there are components of, for example, 
displacement vector and stress tensor.  

In the present chapter a zero value (0) denotes the constrained degree of freedom 
(i.e. homogeneous boundary conditions – zero boundary condition), while value 1 
denotes an active degree of freedom. Finally, value 2 denotes the prescribed 
component given as an input value (non–homogeneous boundary condition – 
arbitrary boundary condition).  
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For example, in the case of a planar stress state (two–dimensional coordinate 
system), the degrees of freedom at node A can be completely determined as 
A20101. First three digits represent the degrees of freedom corresponding to the 
stresses t11, t12 and t22 respectively. Similarly, fourth and fifth digit represent the 
degrees of freedom corresponding to the displacements u1

 and u2. 

55..1122..11  TThhee  ssqquuaarree  ppllaattee  wwiitthh  aa  cciirrccuullaarr  hhoollee  

This numerical experiment was conducted on the plane stress linear isotropic 
elasticity model problems. In order to form the stable system of algebraic 
equations, the considerations from the Section 5.9 were taken into account. If there 
are no traction boundary conditions, the bilinear shape functions for both 
displacements and stresses are sufficient to maintain the stability of a solution. On 
the other hand, when essential traction boundary conditions are introduced, number 
Nt has to be increased (usually by a central, ‘bubble’ node or by all additional five 
hierarchic quadratic nodes, in some or in all elements) to satisfy (5.20). 

An efficient and stable solution procedure is obtained by reordering of nodes in 
that way that degrees of freedom connected with additional nodes always appear 
first in the solution procedure. Note that this is nothing else than a nested dissection 
ordering. 

The present procedure, based on a primal–mixed scheme, was compared with the 
displacement type procedure based on a primal scheme. In the case of the 
displacement procedure, stresses were calculated a posteriori (in the 
postprocessing part of the finite element analysis) either with local stress 
smoothing by averaging the stresses at global nodes or by the global projection 
procedure (see Section 2). 

The problem under consideration [15], Figure  5.3, is a square plate of the unit 
semispan, with a central circular hole of the unit diameter. The plate is loaded 
along its sides by the unit load, tensile in horizontal, and compressive in vertical 
directions. Modulus of elasticity and Poisson's coefficient are taken to be E = 1 
and ν = 0 3.  respectively. Because this model problem is geometrically symmetric 
and present method is coordinate independent (essential displacement and stress 
boundary conditions can be applied on any (e.g. skew or curved shape of the 
boundary) one–quarter (Figure  5.1) and also one–eighth of it has been considered. 
Various mesh densities were examined. The appropriate coordinate systems are 
shown on the Figure  5.4. 
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Figure  5.3 Square plate with a circular hole 
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To get an idea about the stress and displacement behavior, the stress value xxt t=  at 
the point C is followed, which is positive and hence equals to the supreme norm 
(because of the extremal value of the stress at that point), and the largest 
displacement value xu u=  at a point B. Converged values of these stress and 
displacement are approximately 10.364 t =  and 6.4358u = . The first value is 
slightly at variance with the reference [15] one 10.385t = . For the strain energy the 
extrapolated value of 3.58275 is taken. The least squares extrapolation, based on 
the numerical results (using six significant digits) for several meshes, has been 
used for the determination of the ‘converged values’. 

The numerical studies were made for the sequence of meshes having 1, 2, 4, 8, 16, 
20, 32, 36, 44 and 48 elements along the side AB. The maximum norm of 
displacement field u  occurring at the node B and maximum norm of stress field t  
(stress concentration) occurring at node A, were examined. Work of external forces 
W  and strain energy of recovered stresses by simple stress averaging at global 
finite element nodes ( )U CFEavrg  were also considered. 

In the Figure  5.3 the stress convergence of the classical and present finite element 
approach is given. It can bee seen that in the classical (primal, ‘displacement’) 
approach stress crosses the converged value, and afterwards approaches it from 
above. At variance with this situation, mixed model converges uniformly (and 
more accurately) from below. 
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Figure  5.5 Stress convergence 
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Figure  5.6 Displacement convergence 

Similarly, in Figure 5.6 the displacement convergences of the classical and present 
finite element approach are given. Here the mixed approach is again much more 
accurate. However, the maximum displacement for the mixed model converges 
from above, while for the displacement model it converges from below. One can 
conclude that the mixed model is evidently more accurate, and less stiff than the 
displacement model. 

Obviously, this behavior of a solution can be considered as local, in the stress 
concentration area. For the better insight into the nature of a solution, an additional 
test has been performed, concerning the convergence in energy (Figure 5.5.). Not 
surprisingly, the convergence in energy is almost exactly quadratic for all models, 
as it should be expected on the basis of a priori error estimates for bilinear  finite 
element subspaces. However, the accuracy is definitively in favor of the mixed 
model with the stress boundary conditions exactly satisfied. For the same 
displacement mesh, the relative error is almost an order of magnitude smaller than 
for standard finite element analysis. 

But, some preliminary calculations show that the number of arithmetic operations 
can be an order of magnitude larger than for the classical finite element analysis 
over the same mesh. Hence, from the point of view of of the computational 
efficiency, an additional more detailed study, taking into account the solution time, 
should be performed for the fair comparison of these approaches. The results of 
this study, performed on a PC 486, are shown on the Figure 5.7. 



118   Primal-mixed formulation in plane strain and plain stress analysis 

Mijuca D. On Primal-Mixed formulation in Elasticity and Thermoelasticity 

 

2  2.5  3 3.5 4  4 .5 
-2 

-1 

0  

1  

2  

3  

4  

5  

6  

ln  (number of  e lements  a long AB) 

- ln |e%|  

.005 

 .01 

 .02 
 .03 

 .05 

 .1  

 .2   
 .3   

 .5   

  1   

  2   
  3   

% 

e 

n  

e  

r  

g  

y 

e  

r  

r  

o  

  5   r  50 30 20 10 
number o f  e lements a long s ide AB 

DISPLACEMENT 
global tensor and scalar projections

averaged stresses 

Square Plate with a Circular Hole 

MIXED 

enriched elements only along boundaries 

all elements enriched 

bilinear elements 1
2

 
Figure  5.7: Relative error of strain energy versus number of elements along side AB 

From the Figure 5.6 and Figure 5.7 it can be concluded that the case with the stress 
bubble nodes located only in elements along a physical boundary is superior over 
the case when we have bubble nodes in all elements, and also over the simple 
bilinear approach without boundary tractions conditions applied. Anyhow, all these 
approaches are clearly superior compared with the classical analysis, irrespectively 
on the method of post-processing used in that procedure. This superiority has been 
quantified on the simplified Figure 5.9. It is evident that, for the same execution 
time, the accuracy of the mixed approach is approximately an order of magnitude 
higher than that of the classical analysis. Moreover, for the same accuracy required, 
execution is two orders of magnitude faster if the mixed analysis is used. Classical 
FE analysis (CFE) results are given in the Table  5.7.  

Raw stresses  (CFEraw) at global nodes are calculated by the use of the Hookean 
law and smoothed by simple stress averaging afterwards (CFEavrg). The present 
FEMIX HB method results are given in the Table  5.8. In the present 
implementation of the proposed primal–mixed scheme it is possible to define 
homogeneous and non–homogeneous boundary conditions in arbitrary coordinate 
systems. Therefore, also one–eighth of starting model problem has been considered 
and obtained numerical results are given in the Table  5.9. 

In Figure  5.10 relative strain energy error norms (relative percentage error) related 
to the number of elements along side AB are shown. Further, in Figure  5.11 
relative strain energy error norms related to the time of execution are compared. 
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Figure  5.8 Relative error of strain energy versus execution time 
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Figure  5.9 Comparison of the efficiencies of the classical and primal–mixed approaches 
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A

E 

C 

D 

B

F
xi 

 

 
Plate with a hole 

Classical displacement FE method 
(primal scheme) 

model u(B) 
t(A) 

via Hookean law 
W Uh(CFEavrg) 

exec.time 
(s) 

1 3.90504 5.77385 2.38977 3.298750 3.90 
2 5.03788 7.68704 2.90206 3.067867 4.45 
4 5.93315 9.72333 3.33323 3.261839 6.48 
8 6.29405 10.4020 3.51169 3.439040 16.70 

16 6.39913 10.4841 3.56434 3.534200 85.52 
20 6.41223 10.4768 3.57092 3.549730 156.81 
24 6.41939 10.4673 3.57453 3.558870 286.55 
32 6.42655 10.4506 3.57813 3.568618 858.49 
36 6.42848 10.4434 3.57910 3.571396 1403.29 
38 6.42923 10.4403 3.57948 3.572488 1759.21 

Table  5.7 Plate with a hole – displacement method 

A

xi,yi

xi,yi 

xi,yi 

xi,yi

E 
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B

F

xi,yi

 

  

AB[10110], 
BE[20111]; 
CD[10101]; 
DE[10211];  

AC[00111] A[00110]; 
B[20110], C[00101], 
D[10201], E[20211] 

Plate with a hole 
primal–mixed scheme 

FEMIX HB 
bubble nodes in all 

elements 

model u(B) t(A) Uh ndof exec. time (s) 
1 5.800648 8.098980 3.118819 19 3.25 
2 6.322119 7.798996 3.393532 70 4.72 
4 6.479586 9.699640 3.540084 268 13.57 
8 6.453713 10.18201 3.573937 1048 73.38 

16 6.440977 10.31413 3.580788 4144 651.36 
20 6.439182 10.33147 3.581529 6460 1602.84 
24 6.438176 10.34117 3.581922 9288 3403.40 

Table  5.8 Plate with a hole – present method FEMIX HB 
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AB[10110], EF[01001], 
AF[00111], BE[20111], 

A[00110], B[20110], F[00001], 
E[02001] 

Plate with a 
hole primal–

mixed scheme 
FEMIX HB 

method 

bubble nodes 
in all elements 

model u(B) t(A) Uh ndof exec. time (s) 

1 5.80065 8.09898 3.118819 9 3.30 
2 6.32212 7.79810 3.393532 34 3.74 
4 6.47959 9.69964 3.540084 132 6.71 
8 6.45371 10.1820 3.573937 520 31.36 

16 6.44098 10.3141 3.580788 2064 201.30 
20 6.43918 10.3315 3.581529 3220 422.09 
24 6.43818 10.3412 3.581922 4632 836.13 
32 6.43715 10.3511 3.582304 8224 2720.57 
36 6.43687 10.3538 3.582406 10404 4558.44 
38 6.43676 10.3549 3.582444 11590 5769.16 

Table  5.9 Plate with a hole – present method FEMIX HB 
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From the Figure  5.11 it can be concluded that the case with the stress bubble nodes 
located only in elements along a physical boundary (HBB) is more efficient over 
the case when we have bubble nodes in all elements (HB), and also over the simple 
bilinear approach (BL) without boundary tractions conditions applied. Anyhow, all 
these approaches are clearly superior compared with the classical analysis (CFE), 
irrespectively on the method of postprocessing used in that procedure. 
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5.13 Uniformly loaded ring 

For the purpose of the comparison of present formulation with some analytical 
solutions, a problem of a thin uniformly loaded ring (Lamé, 1852) by the internal 
pressure of 10 units, shown in Figure  5.12 is considered. The internal diameter of  a 
ring has 5 and the external one 20 units. Material characteristics are given by the 
Young modulus E=1 and Poisson's ratio ν=0.3. The thickness of the ring is 1. 
Exact value of strain energy is 1.791666U d

θ

θ= ∫& , and for 2θ π=  strain energy has 

the value 2.814343U = , where angle θ  is angle between the side AB and CD. 
Circular stress is positive and its maximum value is on the internal contour, 
tθθ = 11 3333333. &. 

By taking advantage of symmetry of the model and in the case of the present 
primal–mixed scheme possibility of defining homogeneous and non–homogeneous 
boundary conditions in arbitrary coordinate systems, only one row of elements is 
considered. Hence, for model with n elements, inner angle has value ( )2 nθ π= . 
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Figure  5.12 Uniformly loaded ring – model problem 

Finite element models with 2n elements are examined, where 
n=0,1,2,3,4,5,6,7,8,9,10. Because only one row of elements is considered the mesh 
with 210=1024 elements is equivalent to the complete (circular) model with 
4×1024×1024=4,194,304 elements, or more than 20 million DOF (degrees of 
freedom). Hence, this model is a convenient example to give an impression about 
the number of significant digits obtainable by the use of very fine meshes, see 
Table  5.10–Table  5.11. 
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In the Figure  5.13 the influence of different type of node ordering in FE mesh is 
shown. Ordinary means that sequential ordering on side AB, and then on side 
CD,� is applied. Once again superiority of so–called nested dissection ordering of 
nodes is shown. 

Uniformly loaded ring – primal mixed method FEMIX HB 

model t11(A) strain energy U ndof time(s) 
0 .11533226828E+02 .27836385592E+01 11 3.57 
1 .97551695546E+01 .25721519285E+01 20 3.79 
2 .10351126161E+02 .26934190217E+01 38 4.06 
3 .10946698017E+02 .27729614576E+01 74 4.89 
4 .11210658629E+02 .28023889704E+01 146 6.43 
5 .11298567195E+02 .28111419026E+01 290 12.74 
6 .11324057751E+02 .28135156219E+01 578 27.90 
7 .11330936082E+02 .28141329872E+01 1154 58.65 
8 .11332723859E+02 .28142903721E+01 2306 134.62 
9 .11333179671E+02 .28143301021E+01 4610 344.93 

10 .11333294754E+02 .28143400827E+01 9218 1060.11 

Table  5.10 Uniformly loaded ring – numerical results 

 

Uniformly loaded ring – primal mixed method FEMIX HB2 

model t11(A) strain energy U ndof time(s) 

0 .11533226828E+02 .27836385592E+01 11 3.74 
1 .97702310751E+01 .25845676760E+01 17 3.51 
2 .10383755373E+02 .26979634531E+01 32 3.78 
3 .10957248858E+02 .27743799377E+01 62 4.23 
4 .11212468965E+02 .28026598207E+01 122 5.38 
5 .11298764167E+02 .28111826333E+01 242 8.95 
6 .11324063066E+02 .28135212168E+01 482 23.34 
7 .11330931096E+02 .28141337244E+01 962 47.73 
8 .11332721767E+02 .28142904669E+01 1922 102.28 
9 .11333179038E+02 .28143301141E+01 3842 255.79 

10 .11333294582E+02 .28143400843E+01 7682 786.81 

Table  5.11 Uniformly loaded ring – numerical results 
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Efficiencies of present method with different stress approximations are shown in 
Figure  5.14. By FEMIX HB2 approach where stress bubble nodes are activated 
only in odd elements (E1, E3,..., see Figure  5.12), is denoted. If all additional five 
hierarchical local nodes are active this approach is denoted as FEMIX H. The 
stress convergence at the supreme stress node A versus to number of elements is 
shown in the Figure  5.15. The convergence is monotonic, except between the 
meshes for 0n =  and 1n = . 
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Figure  5.13 Efficiency as a function of node node ordering 
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55..1133..11  CCooookk’’ss  mmeemmbbrraannee  pprroobblleemm  

A well known Cook's membrane problem [17] is shown in the Figure  5.16. 
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Figure  5.16 Cook’s membrane problem 

In the next Figure  5.17, a typical nonrectangular finite element mesh and 
coordinate systems, global zi, displacement xi and stress yi coordinate systems 
together with degrees of freedom description at global nodes are shown. 
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Figure  5.17 Defining of degrees of freedom 

It should be noted that coordinate systems at stress bubble nodes, although can be 
arbitrary are taken to be Cartesian and parallel to the global frame of reference. 
Further, orientations of the stress coordinate systems at interior nodes are 
deliberately chosen as shown. 
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In the Table  5.12 numerical results for the strain energy of the raw stresses 
U(CFEraw), strain energy of the smoothed solution U(CFEavrg), vertical 
displacements uy(P) at node P(48,52) and stress t11 at node M(24,52) (converged 
values expected to be 23.96 and -.2035 respectively) [18] and execution time 
(PC486/133MHz) for the displacement method, solved by the same Gaussian 
elimination solver as present method, are given. 

Displacement method CFE and local stress averaging CFEavrg 

Cook’s membrane problem 

model t11(M) uy(P) E(CFEaraw) E(CFEavrg) ndof time(s) 

2×2 -.4153481E-01 .119137E+02 .592374E+01 .375724E+01 27 1.92 
4×4 -.1180536E+00 .183594E+02 .915311E+01 .673760E+01 75 3.68 
8×8 -.1691771E+00 .221201E+02 .110420E+02 .983369E+01 243 8.50 

16×16 -.1913339E+00 .234557E+02 .117282E+02 .113137E+02 867 30.87 
32×32 -.1989706E+00 .238314E+02 .119345E+02 .118064E+02 3267 152.03 

Table  5.12 The displacement method – Cook’s model 

Numerical results obtained with the present primal–mixed FEMIX HB approach 
are given in the Table  5.13: 

Primal–mixed scheme FEMIX HB 

Cook’s membrane problem 

model t11(M) uy(P) W ndof time(s) 

2×2 -.200672E+00 .228086E+02 .112718E+02 35 2.75 
4×4 -.195326E+00 .235222E+02 .117886E+02 135 5.16 
8×8 -.201875E+00 .239231E+02 .119698E+02 527 23.01 

16×16 -.203007E+00 .239753E+02 .120053E+02 2079 111.55 
32×32 -.203333E+00 .239758E+02 .120150E+02 8255 1367.16 

Table  5.13 The primal–mixed method – Cook’s model 

Present model problem is also interesting because there is a stress singularity at the 
point D. The behavior of the normal stress component, parallel to the edge CD, for 
the mesh 32×32 is shown in Figure  5.18. Note that the stress behavior near 
singularity, which is somewhat unstable for FEMIX BL scheme, is stabilized by 
the use of FEMIX HB scheme. Note that, the stress boundary conditions for the 
model HB are enforced at each node except D. 
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Figure  5.18 Cook’s problem: stress state along the side DC 

5.14 Conclusions 

In the present chapter a solution procedure of the primal–mixed finite element 
equations based on the Reissner's principle has been presented. On the basis of the 
above analysis and the numerical results one can conclude, first, that the mixed 
elements with complete continuity can be practically realized, second, that simple 
and clear measures for the enhancement of the stability of a solution of the 
resulting equations are available, and finally, that the present mixed procedure is 
about two orders of magnitude more efficient than the classical finite element 
analysis 
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CChhaapptteerr  66  SSeemmii--ccoouupplleedd  tthheerrmmoo--mmeecchhaanniiccaall  aannaallyyssiiss  

In brief, a mixed coordinate independent hexahedral finite element HC8 27  
scheme in solid mechanics introduced in Chapter [5], presently is used for the 
calculation of thermoelastic structural response. Essentially, it allows 
straightforward introduction of thermal strains, thus enabling overcoming of the so-
called consistency error [2] between thermal and mechanical deformation fields, 
mainly responsible for spurious oscillations of displacement variable. Present finite 
element is reliable, even when it is slandered, distorted, or used for the analysis of 
nearly incompressible or orthotropic materials. Therefore, transition problem of 
connecting finite elements of different types and dimensions is overcome also. In 
order to test convergence of the results, the standard model problems made of 
homogeneous, orthotropic or multi-materials are considered. The present approach 
have a great potential to be reliably used in analysis of simple or complex 
structures, or to be used for macroscopic analysis in the straightforward 
conjunction with the numerical analysis on microstructural base in life estimate 
analysis. 

Reliable response prediction [3] of thermally loaded structures [4] is of significant 
importance. In reality, thermal analysis and stress analysis are fully coupled due to 
the energy dissipation induced by the effect of strain rate. However, the 
thermo-elastic coupling may be ignored in the case of steady state responses, as 
well as in most practical cases of transient structural responses. In such cases, a 
finite element (FE) analysis of semi-coupled thermomechanical analysis is carried 
out in two stages. The temperature distribution is first determined from thermal 
analysis and afterwards prescribed in elasticity analysis in order to compute the 
response of the structure in terms of displacements and stresses.  

Nevertheless, from the numerical approximation point of view, thermal analysis 
and stress analysis exhibit close mutual interactions in these cases also. 
Consequently, on numerical level thermal and stress analysis cannot be separately 
treated [5], mainly from the point of view of type and order of the local base finite 
element functions used for the approximations of trial and test functions for: 
temperature, displacement, heat flux and stress. For accurate predictions of thermal 
stresses, it is extremely important that local base finite element functions for 
approximation of temperature field are coherent with the finite element base 
functions for approximation of displacement/strain field. This also leads to the 
notion of consistency [2, 5] of the finite element model with respect to a prescribed 
temperature distribution. That is, the total and the thermal strain components have 
to be consistently determined or reconstituted.  
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A conflict between the consistency and the continuity requirements is noticed in 
the primal formulation (for example, in 0C -continuous higher-order shear 
deformable elements [6]). Namely, in the case of the primal finite element 
approaches (for example, displacement based finite element approach) it is well 
known that thermal stresses computed directly from the elastokinematic equations 
can show extraneous or spurious oscillations [5]. This unreliable response 
originates from the mismatch between the element strain and the initial strain due 
to temperature. In particular, this occurs when temperature and displacement fields 
are represented by the same set of local base finite element approximation 
functions. To be specific, in thermoelastic analysis, compatible finite elements 
(finite elements that have continuous approximation of fundamental variable across 
interelement boundaries) may predict oscillating stresses if the temperature 
distribution is not coherent with the mechanical strain coming from the finite 
element scheme used (e.g. displacement based finite element methods). Namely, 
a posteriori recovery of the mechanical strain field from the displacement field per 
each finite element of considered model (using the continuity equation, which 
contains the gradients of displacement vector) will lower the order of functions 
available for approximation of the strain field, and in addition, results with 
discontinuity of the strain filed along interelement boundaries. If the temperature 
field is calculated by the primal finite element method by weakening of the energy 
balance equation, the temperature base approximation functions will be of the same 
order as of displacements. Therefore thermal strain field will be approximated by 
the local base functions of one order higher than mechanical strain field, which is 
the very source of the consistency error. In particular, to avoid this discrepancy, all 
the strain/stress component fields should be interpolated consistently with 
reference to total strain component of least degree of approximation [6]. Several 
procedures have been proposed in literature in order to overcome this difficulty [5, 
6]. In addition, modeling the stress field as an independent variable could be an 
effective alternative to avoid these spurious outcomes [5]. 

The main motive for present investigation is found in the need for the hexahedral 
finite elements that can reliably with no consistency error, simultaneously 
approximate displacements and stresses, even in the analysis of thin and thick solid 
bodies under the thermo-mechanical loading and limit conditions. Further, the 
motive is also found in the known problem of connecting the finite elements of 
different dimensionality, i.e. when a model problem has geometrical transitions 
from solid to thick or thin. To this purpose, presently the behavior of primal-mixed 
finite element approach [1] in the presence of initial strains due to temperature is 
investigated. Present approach has two fundamental variables: displacement and 
stresses. The consistency requirement is established and the outcomes due to 
consistent deformation fields (mechanical end thermal) are discussed, examining 
also the effects of element geometry distortions.  
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The present analysis illustrated through some numerical tests, shows that a direct 
approximation for the stress eliminates the generation of spurious displacement and 
stress modes, although this is not a priori guaranteed for a general mixed finite 
element technique. Namely, there is a common opinion [7] that mixed methods 
have some serious drawbacks, like much more degrees of freedom than primal 
ones, indefinite system matrix, and spurious oscillations of dual variables (here 
stress) in the presence of singularities. Nevertheless, it is proven [1] that present 
finite element scheme for model problems under mechanical deformation do not 
exhibit stress oscillation near the singularity, if tri-quadratic stress approximation 
functions are used for the approximation of test and trial stress fields (finite 
element HC8 27 ) in the vicinity of singular point/surface (instead of rougher finite 
element HC8 9 ). Nevertheless, although present approach has greater number of 
unknowns than primal one, it is proven in [8] that for the prescribed accuracy the 
execution time is even smaller. In addition, the computational cost it is mainly 
governed by the quality of the solver of large equation system [9, 10]. 

Consequently, the main goal of the present investigation is to show that a reliable 
hexahedral (solid, brick) mixed finite element ( ) ( )HC 8 20 9 27− −  introduced in 
[1], can be used in the analysis of three-dimensional of isotropic, orthotropic or 
multi-materials model problems under the thermo-mechanical loading scenarios. 
Further, that present approach can be recommended for the use by the engineers 
without sound background knowledge in the finite element technology, from the 
reason that only one-finite element type covers wide range of different geometrical 
or loading scenarios.  

The one of the main contribution of present approach is in overcoming of well-
known transition problem (i.e. transition error) of connecting finite elements of 
different types and dimensionality (e.g. shell to solid). Consequently, in the present 
context thickness is not a parameter, which gives us a more robust technique. In 
addition, for the reason that full fourth-order tensor of elastic compliance and 
second order tensor of thermal conductivity is used, we may analyze arbitrary 
isotropic, orthotropic, functionally graded materials or laminated materials. 
Therefore, it will be show [1] that present finite element is reliable, even when it is 
rigorously slandered, distorted, used for the nearly incompressible materials or in 
the presence of singularity. 

In order to minimize accuracy error and enable introductions of displacement and 
stress constraints, the tensorial character of the present finite element equations 
[11] is fully respected. The number of standard model problems in thermoelasticity 
is analyzed in order to test convergence of the results that enlighten the 
effectiveness and reliability of the approach proposed. 
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Namely, here we presents an integrated, multi-field method for treating linear 
coupled thermoelastic problems in the quasi-static or transient case. Therefore, by 
the present approach we will calculate thermomechanical behavior of the solid 
body under thermal and mechanical loads, by the mixed finite element approach 
using hexahedral finite element without usual obstacles as transition problem 
between finite elements of different dimensionality and consistency error between 
mechanical strain field and thermal strain field. 

6.1 On the physical problem of thermoelasticity 

The classical dynamic coupled thermoelasticity [4] implies an infinite propagation 
speed for thermal signals. It is physically unacceptable in number of problems as 
aerospace engineering, pulsed lasers, fast burst nuclear reactors and particle 
accelerators. Generalized thermoelasticity theories, such as the most widely 
accepted theory of Green and Lindszy [12], eliminate this paradox, where classical 
theory can be easily obtained as its special case. 

In the case of sophisticated materials (e.g. high performance composites), thermal 
effects can include heat production due to strain rate, i.e. the thermoelastic 
dissipation. In that case, thermal and stress analyses are coupled. An analytical 
treatment of such problems is hardly ever possible for reasons of mathematical 
complexity, so that the development of alternative methods of analysis is essential. 

In the case of traditional materials, there is no heat production due to strain rate. 
Therefore, thermal effects on a body are limited to strains due to the temperature 
gradient, which are autonomously determined and constitute only a datum for 
stress analysis [13]. 

Nevertheless, realistic problems of dynamic coupled thermoelasticity can only be 
solved by numerical methods [4]. The finite element method (FEM) has been used 
for solving such problems in the framework of both classical [14] and generalized 
theories [15]. 

6.2 Mixed finite element approach in thermoelastostatics 

The weak boundary value problem of the present formulation reads (see e.g. [8]):  

Find { } ( ) ( )1 2, n n n
symH L ×∈ Ω × Ωu T  such that u w∂Ωu

=  and: 

 
( :  )

t
d d d

∂
∂

Ω Ω Ω
− ∇ − ∇ Ω = − ⋅ Ω − ⋅ Ω∫ ∫ ∫T S S u v T v f v pA : :

 ( 6.1) 

for all { } ( ) ( )1 2
sym, n n nH L ×∈ Ω × Ωv S  such that 0

t∂Ω =v . 
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In the above formulation, u  is the displacement field, T  is the stress field, f  is 
the vector of body forces and p  is the vector of boundary tractions, w  is the vector 
of prescribed displacements, while A  is fourth order compliance tensor. Further, 

, 1,2,3nR nΩ⊂ =  in an open bounded domain of the elastic body, where n  is the 
number of spatial dimensions considered. Hence, n  is the unit normal vector to the 
boundary ∂Ω , while u∂Ω  and t∂Ω  are the portions of ∂Ω  where the displacements 
or stresses are prescribed, respectively. The { },u T  and { },v S  are pairs of trial and 
test displacement and stress functions, respectively. 

As it could be seen from (6.1), the stress functions are from discontinuous 
subspaces ( )2

sym
n nL ×Ω , as in the case of the recovered stresses after the classical 

displacement method approach (see [7]). However, if there is no singularity or 
abrupt material change in the region of the model problem, it is a discrepancy from 
the reality which usually results in the lost of accuracy [8]. 

Accordingly, our present goal is to achieve full (three-dimensional) stress 
continuity, even if it is not physically justified (that is there exists surfaces of 
discontinuity). We will start from the assumption that solution error will be smaller 
if we use mixed theory and continuous stresses, than primal theory where stresses 
are recovered by some local smoothing approach and therefore discontinuous 
among interelement boundaries [16]. So, trial and test stress approximation 
functions are chosen from smaller but continuous finite element sub-space 

( )1 n n
symH ×Ω , the space of all symmetric tensor-fields that are square integrable and 

have square integrable gradients. 

Let hC  be the partitioning of the domain Ω  into elements iΩ  and let us define the 
finite element subspaces for the displacement vector u , the stress tensor T  and the 
appropriate weight functions, respectively as: 

( ) ( ) ( )1{ H , = , },
u i

n K
h i K i hU U C∂Ω Ω= ∈ Ω = Ω Ω ∈u u w u u  

( ) ( ) ( )1{ H 0, = , },
u i

n K
h i K i hV V C∂Ω Ω= ∈ Ω = Ω Ω ∈v v v v

 

( ) ( ) ( )1{ , , },
t i

n n L
h L i i hT H T C

×

∂Ω Ω= ∈ Ω ⋅ = = Ω Ω ∈T T n p T T
 

( ) ( ) ( )1S { 0, , }
t i

n n L
h L i i hH S C

∂Ω

×

∂Ω= ∈ Ω ⋅ = = Ω Ω ∈S S n S S
 ( 6.2) 
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In these expressions Ku  and LT  are the nodal values of the displacement vector u  
and stress tensor T  respectively. Accordingly, KU  and LT  are corresponding 
values of the interpolation functions, connecting displacements and stresses at an 
arbitrary point in Ωi  (the body of an element), and the nodal values of these 
quantities. The complete analogy holds for the displacement and stress variations 
(weight functions) v  and S , respectively. 

To handle stress components adequately and conveniently, the boundary (interface) 
nodal coordinate surfaces should be accommodated to coincide or at least to 
tangent the local boundary surfaces and/or interfaces. In that case, it will be 
possible to treat known stress constraints as essential stress boundary conditions, 
also. 

6.3 Introduction of thermal strains  

In the case of traditional materials where there is no heat production due to strain 
rate, thermal effects on a body are limited to strains due to the temperature 
gradient, which are autonomously determined and constitute only a datum for 
stress analysis [13]. Therefore, in the present case if the temperature field is known 
or prescribed, it is possible to calculate corresponding thermomechanical behavior. 

Recall that strain filed e  due to the temperature is given by: 

( )oT T= −e α  ( 6.3) 

where α  is second order tensor of thermal expansion coefficients, which in the 
case of isotropic material reduce to the constant, or a spherical tensor if the 
material is orthotropic. 

6.4 Finite element formulation 

After discretization of the starting problem (6.1) by finite element method, it has 
been shown in [1] that present scheme can be written as the system of linear 
equations of order tu nnn += , where un  is the number of displacement degrees of 
freedom, while un  is the number of stress degrees of freedom: 

0vp vpvv vv v p
TT

pv p pvv v p

⎡ ⎤− ⎡ ⎤ ⎡ ⎤⎡ ⎤ ⎡ ⎤
= −⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ +− ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎣ ⎦

-A DA D t t
D 0 f pD 0 u u

 ( 6.4) 
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In (6.4), unknown (variable) and known (initial, prescribed) values of the stresses 
and displacements, denoted by the indices v  and p  respectively, are decomposed. 
The nodal stresses Lstt  and displacements Kqu  components are consecutively 
ordered in the column matrices t  and u  respectively. The homogeneous (zero) and 
nonhomogenous (nonzero) essential boundary conditions per displacements pu  
and stresses pt  are introduced as contribution to the right-hand side of the 
expression  ( 6.4). 

Now we came to the essential contribution of the present paper. If strain state is 
known in some or all finite element global nodes, we will simply calculate at those 
nodes stresses from strains via constitutive relation. These stresses will afterwards 
enter the system equation (6.4) on the right end side as prescribed stresses pt . In 
linear case these prescribed stresses are either due to mechanical deformation E

pt  

or/and of thermal deformations T
pt : 

E T
vp vp vp vpp p p
T T

pv pvp p

⎡ ⎤ ⎡ ⎤+⎡ ⎤ ⎡ ⎤
=⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥

⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦ ⎣ ⎦

-A D -A Dt t t
D 0 D 0u u

 ( 6.5) 

Let’s focus on the term T
vp p-A t  in the  ( 6.5), because it is the term where 

prescribed thermal deformations T
pe  calculated by the  ( 6.3) enter in the present 

formulation. 

So, if we have prescribed thermal deformation field T
pe , we may calculate 

prescribed stress field T
pt  due to it, using the constitutive equation: 

T T
p p= :t C e  ( 6.6) 

where, C  is the elasticity matrix, and with these values assemble entries T
pt  in 

(6.5). 

Therefore, known temperatures are simply introduced as prescribed temperature 
deformation at global nodes of finite element mesh, without any differentiation, 
using the same sets of base polynomial finite element interpolation functions. It 
will prevent occurrence of consistency error [2, 5]. 



138   Semi-coupled thermo-mechanical analysis 

Mijuca D. On Primal-Mixed formulation in Elasticity and Thermoelasticity 

The members of the matrices A  and D , of the column matrices f  and p  
(discretized body and surface forces) in  ( 6.5), are respectively: 

A S g g g g T duv st
N

N u
a

v
b

abcd s
c

t
d

L
L

e i

Λ Γ Λ Λ Λ Γ Γ Γ
Ω

Ω Ω Ω= ∫∑ ( ) ( ) ( ) ( )A  ( 6.7) 

D S U g g duv
q N

N a
K

K u
a

v
q

e
Λ
Γ

Λ
Γ

Λ Λ
Γ

Ω

Ω Ω Ω= ∫∑ ( ) ( )
( ) 

i  ( 6.8) 

f g V f dq
a

q
M

M a

e

Λ Λ Λ

Ω

Ω Ω= ∫∑ ( )

i  ( 6.9) 

p g V p dq
a

q
M

M a

e it

Λ Λ ΛΩ= ∫∑ ( ) ∂Ω
∂Ω  ( 6.10) 

So, in the above expressions ( ),  , , 1, 2,3iz i j k l =  is the Cartesian coordinate system 
of the whole model problem, that is global coordinate system of the model. Further, 

( ) ( ), , , 1, 2,3K nx m n p q =  and ( ) ( ), , , , 1, 2,3K sy r s t u v =  are displacement and stress 
coordinate systems at each global node K , respectively, not necessarily of the 
same position and kind. Possibility to choose different coordinate systems at the 
global nodes per displacements and stresses will enable us to select proper 
positions of nodal coordinate systems for introduction of stress and displacement 
constraints. 

The local natural (convective) coordinate systems per finite elements are denoted 
by ( , , , 1,2,3)a a b c dξ = . While, ( )K mng  and abg  are the components of the 

contravariant fundamental metric tensors, the first one with respect to ( )K nx  at 
global node K (i.e. Λ ), and the second to ξb  natural coordinate system of a finite 
element.  Furthermore, U Ua

K K a= ∂ ∂ξ/ . 

Also, abcdA  are the components of the elastic fourth order compliance tensor. In the 
case of isotropic material, in order to determine compliance matrix with six 
independent components we will need to know Young’s modulus and Poisson’s 
ratio, only. Further, in the case of orthotropic material we will need to know 
Young’s modulus 1 2 3,  and E E E  in each of three mutually perpendicular directions 
called the principal directions, six Poisson’s ratio 12 13 23 21 31 32, , , , ,ν ν ν ν ν ν , as well as 
three shear moduli 12 13 23,  and GG G , from which we will calculate compliance 
matrix.  
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On the other hand, in the case of anisotropic materials, in the most general case, we 
will need to know 21 independent coefficients of the compliance matrix. Further, 

af  and ap  are the body forces and boundary tractions in natural coordinates of an 
element, respectively. 

Integration is performed over the domain iΩ  of each element, or where the 
tractions are given over the part of the boundary surface it∂Ω , while summation is 
over all the e  elements of a system. Further, K

ΛΩ  is a connectivity operator (see 
[1]), which maps the set of global nodes Λ  into the set of local nodes K  per 
elements, and vice versa. Next, the upper case letters in parentheses give us 
information to which node, local per element, or equivalently, global per model, 
considered quantity is related. Let us explain the need for the connectivity operator 
from the aspect of actual coding of the present scheme. The assembling of all 
entries in  ( 6.5) is performed per elements ( e ) and local nodes in these 
elements ( K ), in the local natural coordinate systems ( aξ ). On the other hand, 
input quantities (boundary conditions, external forces, etc.) are given per global 
coordinate systems in global nodes ( - displacements and forces, - stressesi ix y ). 
Therefore, we need the connectivity operator to give us information to which finite 
element belongs considered global node Λ , and which local node number it has in 
that element. The transformations of the considered tensorial quantity in that global 
node, from the coordinate system in nodes ( or i ix y ) to natural local coordinate 
systems ( aξ ) is done by the use of the Euclidian shifters ( ( )

a
ug Λ ). All entries in (6.5) 

are presently calculated by using a 3 3 3× ×  Gaussian integration formula. 

The Euclidean shifting operators ( )
( )
K m
L sg , ( )

a
L sg  and ( )K q

bg  are, respectively: 

g g
z

x
z

yL s
K m

kl
K mn

k

K n

l

L s( )
( ) ( )  

( ) ( )= ,δ
∂

∂

∂

∂  

g g
z z

yL s
a

kl
ab

k

b

l

L s( )
 

( )= ,δ
∂

∂ξ

∂

∂  

( ) ( )  
( )=

k l
K q K qp

b kl b K p

z zg g
x

∂ ∂δ
∂ξ ∂

 ( 6.11) 

For the reason that tensorial character [10] is fully respected, one can easily choose 
appropriate coordinate system at each global node for the introductions of known 
stresses and/or displacements, or interpretation of the results. 
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The coefficients of the fourth-order compliance tensor abcdA  in the general three-
dimensional analysis of isotropic material are calculated by: 

( )( )[ ]Aabcd ca db cb da ab cdE
g g g g g g= + + −

1

2
1 2ν ν  ( 6.12) 

For orthotropic materials, the compliance matrix is of the form: 

[ ]

3121

1 2 3

3212

1 2 3

13 23

1 2 3

12

13

23

1 0 0 0

1 0 0 0

1 0 0 0

10 0 0 0 0

10 0 0 0 0

10 0 0 0 0

E E E

E E E

E E E

G

G

G

νν

νν

ν ν

⎡ ⎤− −⎢ ⎥
⎢ ⎥
⎢ ⎥
− −⎢ ⎥

⎢ ⎥
⎢ ⎥
− −⎢ ⎥

⎢ ⎥= ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

A  ( 6.13) 

6.5 On the initial fields 

Initial temperature field in the present finite element model problems can be due to 
the several sources: analytically prescribed, from the experiment, from primal finite 
element analysis or from mixed or hybrid finite element analysis. 

On the other hand, initial displacement and stress fields are easily introduced by 
simple calculation of corresponding matrix entries on the right hand side of 
expression (6.4). In this process, the rows and columns of system matrix, which 
corresponds to these initial displacement or stress, are neglected. The inelastic 
analysis is performed on the same manner, with only difference, that number of 
degrees of freedom of system matrix is maintained and compliance matrix (or 
matrices in the case of multimaterials) is changed following the inelastic path. The 
same holds for the introduction of residual stresses. 

In the present paper, the chosen numerical examples will cover some of these 
cases. 
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6.6 Mixed finite element transient heat approach 

Present original approach for the finite element steady state heat analysis is already 
reported in [10]. Let us consider a body which occupies some closed and bounded 
domain Ω  of the Euclidian space ( 1, 2, 3)n nE = . The inner part of Ω  is denoted by 
Ω , and its boundary by ∂Ω , Ω ∪ ∂Ω = Ω .  

The boundary is subdivided into four parts: T∂Ω , q∂Ω , c∂Ω  and r∂Ω  which are: part 
of the boundary per temperature, heat flux, heat flux due to the convection and heat 
flux due to the radiation, respectively, such that T q c r∂Ω ∪ ∂Ω ∪ ∂Ω ∪ ∂Ω ⊂ ∂Ω . 

The state of the body is described by temperature T  and heat flux vector q . Let us 
consider a system of field equations in strong form for transient heat transfer which 
read as follows: 

+div 0  in  Tc f
t

∂
− = Ω

∂
ρ q

 ( 6.14) 

  in  T= − ∇ Ωq k  ( 6.15) 

Expressions (6,14) and ( 6.15) are respectively, the equation of thermal balance that 
states that the divergence of the heat flux is equal to the internal heat source f , 
and Fourier’s law of heat conduction, which assumes that the heat flux is linearly 
related to the negative gradient of the temperature. Above, t  is the time and ρ  is 
the density of the material. Further, c  is the coefficient of specific heat and k  is 
second order tensor of thermal conductivity, which are heat transfer property of an 
general orthotropic material. If the material is homogeneous and isotropic, the 
tensor k  will degenerate to simple scalar value k , i.e. thermal conductivity 
coefficient. Nevertheless, the present approach considers full tensor of thermal 
conductivity. 

These two equations are subjected to the following boundary conditions: 

00
on ,   T t

T T T T
=

= ∂Ω =  ( 6.16) 

  on  h qq h⋅ = = ∂Ωq n  ( 6.17) 

( )  on  c c a cq h T T⋅ = = − ∂Ωq n  ( 6.18) 

4 4( )  on  r r a rq h A T T⋅ = = − ∂Ωσq n  ( 6.19) 
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which are, temperature boundary conditions per spatial and time spaces 
respectively (6,16), and per heat flux vector (17-19). In detail, boundary conditions 
due to the prescribed heat flux are given by the expression  ( 6.17. Next, 
boundary conditions due to the convection by the expression (6.18), where ch  is 
the convective coefficient and aT  is the temperature of the surrounding medium. 
Finally, boundary conditions due to the radiation (6.19) are not presently 
considered. 

Firstly, we will develop the mixed finite element approach for steady state heat 
transfer case. The present steady state solver will calculate the equilibrium 
temperature distribution in the structure that is independent of time. 

Therefore, let us suppose that boundary condition (6,16) is essential, and hence 
exactly satisfied by the trial functions of a problem. Then we need to consider only 
the weak forms of the equations (6,14) and ( 6.15).  

Using the Galerkin procedure, one can seek the weak solution of (6,14): 

(div ) 0f d
Ω

− Θ Ω =∫ q  ( 6.20) 

where θ  denotes test functions in the complete space of the interpolation function, 
which are taken from the Hilbert space 2L  of all real measurable square integral 
scalar functions: 2g d

Ω

Ω < ∞∫  , with the inner product ( , )h g hgd
Ω

= Ω∫  and the norm 

defined by 2 ( , )g g g=  for all 2, ( )h g L∈ Ω . 

Further, we will consider the weak form of inverted constitutive equations ( 6.15), 
where vector Q  is the test function taken from the space of all measurable square 
integrable vector fields: 

1( ) 0T d−

Ω

+ ∇ Ω =∫ k q Q  ( 6.21) 

Simple summation of (6.10) and (6.21) gives us the expression, which represents 
asymmetric weak formulation of the mixed problem.  

Find { } 1, ( ) ( )T H H div∈ Ω ×q  satisfying boundary conditions and 

1( ) ( )T d div f d−

Ω
Ω

+ ∇ Ω = − Θ Ω∫ ∫k q Q q  ( 6.22) 

for all { } 2 2, ( ) ( )L Lθ ∈ Ω × ΩQ . 
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In these expressions, ( )H div  is the space of all vector fields which are square 
integrable and have square integrable divergence with the norm defined by  

( )2 2 2( )g divg g d
Ω

= + Ω∫  for all ( )g H div∈ . However, it is a common opinion that 

asymmetric formulations are impractical from the computational point of view. 
Integrating by parts and applying divergence theorem on the first term on the right 
side of (6.22) yields symmetric weak form of a mixed problem, where 1H  is the 
space of all scalar fields which are square integrable and have square integrable 
gradients, with the norm ( )2 ' 2 2( )g g g d

Ω

= + Ω∫  for all 1( )g H∈ Ω : 

Find{ } 1
2, ( ) ( )T H L∈ Ω × Ωq  such that 

T
T T

∂Ω
=  and 

1

q c

cd T d d f d hd q d−

Ω Ω
Ω Ω ∂Ω ∂Ω

Ω + ∇ ⋅ Ω = ∇Θ Ω + Θ Ω − Θ ∂Ω − Θ ∂Ω∫ ∫ ∫ ∫ ∫ ∫qk Q Q q  ( 6.23) 

for all { } 1
2, ( ) ( )H Lθ ∈ Ω × ΩQ  such that 0

T
θ

∂Ω
= . 

Let hC  be the partitioning of the domain Ω  into elements iΩ  and let us define 
finite element subspaces for the temperature scalar T , the heat flux vector q  and 
the appropriate test (weight) functions, respectively as: 

{ }
{ }
{ }

_
1

1

1
0

1

( ) : | ,   ( ),

( ) : | 0,   ( ),

( ) : | ,   | ( ), ( ),

( ) : | 0,   ( ),

T

T

q c

q c

L
h L i i h

M
h M i i h

L
h c L i i h

M
h M i i h

T T H T T T T P C

H P C

Q H h h T T V C

H V C

∂Ω

∂Ω

∂Ω ∂Ω

∂Ω ∪∂Ω

⎧ ⎫= ∈ Ω = = Ω ∀Ω ∈⎨ ⎬
⎩ ⎭

Θ = Θ ∈ Ω Θ = Θ = Θ Ω ∀Ω ∈

= ∈ Ω ⋅ = ⋅ = − = Ω ∀Ω ∈

= ∈ Ω ⋅ = = Ω ∀Ω ∈ϑ

q q n q n q q

Q Q n Q Q

 ( 6.24) 

In these expressions LT  and Lq  are nodal values of the temperature scalar T  and 
flux vector q , respectively. Accordingly, LP  and LV  are corresponding values of 
the interpolation (local base) functions connecting temperatures and fluxes at an 
arbitrary point in iΩ  (the body of an element), and the nodal values of these 
quantities. The complete analogy holds for the temperature and flux weight 
functions Θ  and Q . Please note that, as an essentially new approach, trial and test 
base functions for approximation of fluxes are presently chosen from the smaller, 
but continuous space 1H , that will provide the continuous heat flux picture over 
the domain of the model problem.  
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It should be noted that if present finite element approach is applied on model 
problems with abrupt material changes (multimaterials), where local heat flux 
discontinuity exists, the present rule (that local flux approximation functions are 
from continuous function space 1H ) is too hard. It is left for future investigation to 
relax stress continuity on the interface surface(s) only, where fluxes will be chosen 
from space 2L . Nevertheless, it will be shown that this local violation does not 
affect expected target results in the vicinity or on the material interface. 

By analogy with finite element approach in elasticity [1], after discretization of the 
starting problem using finite element method, present scheme can be written as a 
system of linear equations of order q Tn n n= + , where Tn  is the number of 
temperature degrees of freedom, while qn  is the number of flux degrees of 
freedom, in matrix form: 

0A BA B
  

T F H KT B DB D

TT
pv vp vpvv vv

p p p pv vp vpvv vv

⎡ ⎤⎡ ⎤ ⎡ ⎤ ⎡ ⎤− −⎡ ⎤
= +⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥ + −−− ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎣ ⎦ ⎣ ⎦

qq
 ( 6.25) 

In this expression, unknown (variable) and known (initial, prescribed) values of the 
fluxes and temperatures, denoted by the indices v  and p  respectively, are 
decomposed. 

The nodal flux ( pLq ) and temperature ( LT ) components are consecutively ordered 
in the column matrices q  and T  respectively. The homogeneous and 
nonhomogenous essential boundary conditions per temperatures pT  and fluxes pq  
are introduced as contribution to the right-hand side of the expression (6.25). 

The members of the entry matrices A , B  and D , and the column matrices F , H , 
and K  in  ( 6.25), are respectively: 

1
( ) ( ) ( ) ,

0

;   

 ;    

 ;    

e e

ce e

he ce

a b a
LpMr L p L ab M r M e LpM L p L M a e

e e

LM c L M ce M M e
e e

M M he M M c ce
e e

A g V k g V d B g V P d

D h P P d F P f d

H P h d K P h T d

−

Ω Ω

∂Ω Ω

∂Ω ∂Ω

= Ω = Ω

= ∂Ω = Ω

= ∂Ω = ∂Ω

∑ ∑∫ ∫

∑ ∑∫ ∫

∑ ∑∫ ∫

 ( 6.26) 

In the above expressions, the Euclidian shifting operator ( )
a
L pg  is given by 

( ) ( )

i j
a ac

ijL p c L p

z zg g
y

δ
ξ

∂ ∂
=

∂ ∂
, where, ( , , , 1, 2,3)iz i j k l =  is global Cartesian coordinate 

system of reference.  
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Further, ( ) ( , , 1,2,3)L ry r s t =  is coordinate system at each global node L , per heat 
flux. Furthermore, local natural (convective) coordinate systems per finite elements 
are denoted by ( , , , 1,2,3)a a b c dξ = , while, abg  and ( )L mng  are components of the 
contravariant fundamental metric tensors, the first one with respect to natural 

coordinate system of a finite element aξ , and the second to 
( )L ny  at global node L. 

Furthermore, ,
M

M a a

P
P

ξ
∂

≡
∂

. Since tensorial character is fully respected, one can 

easily choose appropriate coordinate system at each global node, useful for 
prescribing of fluxes and/or temperatures, or results interpretation. 

It should be noted that matrix form (6.25) represents a new original form of 
resulting system of linear equations in the steady state heat analysis. Especially, 
because contribution from convective heat transfer represented by matrix entry D  
is naturally assembled to specified position in (6.25) connected to temperature 
degrees of freedom.  

Recently, the transient heat transfer approach where spatial discretization is based 
on the above presented mixed finite element scheme and time discretization is 
based on the explicit, finite difference, scheme is developed by the present author. 
The solutions of numerical examples performed demonstrate unconditional 
stability, which will be presented in the further report. 

If the considered model problem is transient heat, the system of equation  ( 6.25) is 
reformulated to account for the temperature transient governed by the specific heat 
material coefficient c . During time history, the consecutive set of the finite 
element equation systems will be solved. The fields of the heat flux vector and 
temperature at the current time t , are calculated from the next matrix equation: 

( ) ( )1 1

A B
 

TB D S

00 0 0A B
  

T 0 S F H KB D T L

T
vvv vv

vvv vv vv

T
pvp vp

t t
p vp p p pvp vp p pt

− −

⎡ ⎤ ⎡ ⎤
=⎢ ⎥ ⎢ ⎥− − ⎣ ⎦⎣ ⎦

⎡ ⎤ ⎡ ⎤⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤− −
+ + +⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥+ −− −⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎣ ⎦ ⎣ ⎦ ⎣ ⎦

q

0q
 ( 6.27) 

where: 

e

LM L M e
e

cS P P d
tΩ

= Ω
∆∑ ∫
ρ

     
( )

e

M M e
e

cL T P d
t Λ

Ω

= Ω
∆∑ ∫
ρ

 

Nevertheless, this new finite element technique in transient heat analysis will be 
presented in detail in the further report. 
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6.7 Finite element HC8/27 

As in previous chapters, the finite element ( ) ( )HC 8 20 20 27− −  is the name for the 
finite element family HCu t  shown also in Figure 4.1. The acronym is taken from 
[18], where the first letter H stands for hexahedral element geometrical shape, 
while the letter C indicates the use of continuous approximation functions. As it is 
shown in Figure  6.1, from 8 to up to 20 possible displacement nodes per one finite 
element are denoted by spheres, while 9 up to 27 stress nodes per element are 
denoted by tetrahedrons. 
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Figure  6.1 Finite element HC20 27  

Therefore, we may choose to have 8 or 20 nodes for approximation of primal 
variables ( u ). However, in order to satisfy the first stability condition and the 
necessary conditions for solvability [1, 7], the number of nodes for approximation 
of dual variable ( t ) must always be greater. These additional nodes are connected 
to hierarchic approximation functions. It should be noted, that from the point of 
view of actual coding, the coarsest finite elements is HC8 9 , while the finest one is 
HC 20 27 , while other combinations are simply obtained by neglecting or 
enforcing the degrees of freedom connected to the specific node. It is numerically 
proven in [1], that finite element HC8 27  is reliable. It was shown that present 
finite element is reliable even when it is slandered to be very thin or almost 
incompressible ( 0.49ν = ). 
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6.8 Convergence requirements 

As the finite element mesh is refined, the solution of discrete problem should 
approach to the analytical solution of the mathematical model, i.e. to converge. The 
convergence requirements for shape functions of iso-parametric element can be 
grouped into three categories, that is: consistency and stability [1, 3, 7]. The notion 
of consistency is further divided in the two groups: completeness and 
compatibility. 

Completeness criterion requires that elements must have enough approximation 
power to capture the analytical solution in the limit of a mesh refinement process. 
Therefore, the finite element approximation functions must be of a certain 
polynomial order ensuring that all integrals in the corresponding weak formulation 
are finite. Specifically, if m  is variational index calculated as the highest spatial 
derivative order that appears in the energy functional of the relevant boundary 
value problem, than the element base approximation functions must represent 
exactly all polynomial terms in order m≤  in element coordinate system. A set of 
shape functions that satisfies this condition is called -completem . 

Further, compatibility criterion requires that finite element shape functions should 
provide displacement continuity between elements, in order to provide that no 
artificial material gaps will appear during the deformation. As the mesh is refined, 
such gaps could multiply and may absorb or release spurious energy. So, patch trial 
functions must be 1mC −  continuous between interconnected elements, and mC   
piecewise differentiable inside each element. 

As it is said, completeness and compatibility are two aspects of the so-called 
consistency condition between the discrete and mathematical models. That is, a 
finite element model that passes both, completeness and continuity requirements is 
called consistent. 

Further, if the considered finite element is stable, the non-physical zero-energy 
modes (kinematic modes) in finite element model problem will be prevented. The 
overall stability of mixed formulations based on Hellinger-Reissner’s principle, is 
provided if two necessary conditions for stability are fulfilled i.e., the first 
condition represented by the ellipticity on the kernel condition and second 
condition represented by the inf-sup condition [1, 3, 7]. It should be noted that 
satisfaction of the completeness criterion is necessary for the convergence, while 
violating other two criteria does necessary mean that solution will not converge. 
Consequently, we say that consistency and stability imply convergence. 

In the paper [1] it is shown that present finite element is consistent, compatible and 
satisfies the first stability condition in the case of each of the configurations HC8/9, 
HC8/20 or HC8/27. In addition to these requirements, the second stability 
condition is satisfied for the finite element HC8/27. 
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Nevertheless, there is wide spread opinion that if the finite elements are used in the 
adequate loading scenarios, the solution will converge to the exact ones regardless 
of satisfaction of second stability requirements. Accordingly, it is shown in [1] that 
computationally less expensive finite element HC8/9 converge in the case of all 
standard benchmarks examples considered. Therefore, finite elements HC8/27 and 
HC20/27 should be used only in the limit situations, such as incompressibility, for 
example. 

6.9 Invariance of the finite element equations 

In the present paper, special care is taken that corresponding finite element 
equations are coordinate independent, in order to avoid so-called invariance error. 
Invariance of the model with respect to any coordinate change means that its 
implementation in the local (or global) system of coordinates, should lead to the 
same results [10]. Therefore, this requirement secures that the finite element 
implementation is independent of the local system adopted. 

For the interelement finite element representation of displacements and stresses 
defined directly in terms of the local coordinates, element invariance is met if theirs 
complete representations are assumed. In fact, completeness secures that a 
polynomial basis does not change under a linear transformation of coordinates [13], 
i.e. by changing the reference coordinate frame. For displacement and stress, this is 
obtained by assuming complete stress and displacement functions. 

6.10 Numerical experiments 

Whenever the expansion or contraction that would normally result from the heating 
or cooling of a body is prevented, stresses are developed that are called thermal, or 
temperature, stresses [20]. In order to check the convergence of the present 
formulation, the number of challenging benchmark tests were performed, using the 
finite element HC(8-20)/(9-27) under the thermal loading, where thermal stresses 
occur. It is assumed that the compressive stresses produced do not produce 
buckling and that yielding does not happen. 

The all model problems considered are materially isotropic, although present 
formulation allows analysis of orthotropic and anisotropic materials. In addition, 
present formulation allows straightforward introduction of initial or prescribe 
strains, beside before mentioned initial or prescribed displacements and stresses. If 
the initial temperature field is not uniform and should be determined a priori from 
the steady state heat transfer analysis, it will be done by the original mixed finite 
element transient heat approach presented in Section 4 and [10]. In addition, with 
the present 3d approach and geometry one can naturally proceed with analysis at 
meso-continuum scale. 
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It should be noted that when present finite element approach is applied on model 
problems with abrupt material changes where local stress discontinuity is possible 
to exist, the present rule that local stress approximation function are from 
continuous function space ( )1 n n

H
×  is to hard. For future investigation is left to relax 

stress continuity on the interfaces, and chose stresses from space ( )2
sym
n nL ×Ω , as in 

original primal-mixed formulation [7]. 

All presently considered examples are usually solved by dimensionally reduction, 
namely beam or plate/shells theories. Therefore, the difference between results 
obtained by the present full theory, in accordance to available target values, is 
expected. The visualization of results is provided by the Straus7 software package 
[19] or by the in-house software package. 

66..1100..11  CCaannttiilleevveerr  bbeeaamm  uunnddeerr  qquuaaddrraattiicc  tteemmppeerraattuurree  

The beam of length 100L = , 1h = , 1b = , 10E = , 0.3ν = , and 410α −=  [6, 20], is 
considered. The structure is allowed to expand/contract freely. The cantilever is 
subjected to a quadratic temperature distribution 20.01T x= . The theoretical 
solution for the problem is 30.01 / 3xu xα= . The beam is modelled by the present 
hexahedral finite element HC8/9. The mesh is refined by the pattern 2 2N × × . The 
results obtained by the present approach as well as target ones are shown in Figure 
 6.2. 
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Figure  6.2 Beam under quadratic temperature distribution – target results 

By the inspection of the obtained results of the longitudinal displacements, we may 
conclude that present approach converge to the given theoretical results. 
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66..1100..22  TThheerrmmaall  SSttrreesssseess  iinn  aa  LLoonngg  CCyylliinnddeerr  

A long thick-walled cylinder shown in Figure  6.3 maintained at a temperature 
272iT K=  on the inner surface and 0 273T K=  on the outer surface given in [21, 22] 

is examined. The inner radius is 0.1875 , and outer radius is 0.625 . Axial and 
tangential (hoop) stress at the inner and outer surfaces should be determined. These 
stresses, at nodes  A  and B , corresponds, respectively, to the normal stresses along 
z  and y  directions. The theoretical solutions obtained by the plate theory are 

420.42zz yyt t= =A A  and 194.58zz yyt t= = −B B . 

 

A B 
x 

y 

z 

 
Figure  6.3 Long cylinder under thermal load problem sketch 

In this example, we will use the fact that present finite element HC8/9 is insensitive 
to distortion. Therefore, we will use finite element meshes where aspect ratio 
between its maximal axial dimensions is very high. Only the one eight of the model 
is analyzed due to the symmetry. The arbitrary value in axial (z) direction of 

2 3.125h =  is used, which is almost ten times longer than difference between the 
inner and outer radius. Four considered finite element models with meshes of 
increasing refinement are shown in Figure  6.4. 

The finite element results at target nodes are given in the Table  6.1. Stress 
visualization for the component yyt  is given in Figure  6.5: 
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Figure  6.4 Long cylinder under thermal load - Finite element meshes  

Model 
( )z× ×ρ θ  ( )xxt A  ( )yyt A  ( )zzt A  ( )xxt B  ( )yyt B  ( )zzt B  

( )4 4 4× ×  254.89 512.43 521.34 -29.43 -209.91 -208.12 
( )6 6 6× ×  188.42 500.29 500.53 -21.14 -204.58 -204.27 
( )8 8 8× ×  143.93 477.50 480.55 -16.08 -201.81 -201.71 
( )8 8 16× ×  143.70 477.39 480.46 -15.95 -201.76 -201.65 
Target - 420.42 420.42 - 194.58 194.58 

Table  6.1 Long cylinder – 2 3.125h =  – finite element HC8/9 results 

B 

A 

 
Figure  6.5 Long cylinder under thermal load - Stress visualization 



152   Semi-coupled thermo-mechanical analysis 

Mijuca D. On Primal-Mixed formulation in Elasticity and Thermoelasticity 

We may see that maximal beam’s theory target results are lower about 14.3%  than 
results obtained by the present approach. From the reason that we have chosen 
arbitrary length of the beam, we will check is it reason for the lower maximal 
results. Therefore, we will check the results on two times longer beam. From the 
results reported in the Table  6.2, we can conclude that the length of the numerical 
model does not influence on the magnitude of the target results. 

 

Model 
( )z× ×ρ θ  ( )xxt A  ( )yyt A  ( )zzt A  ( )xxt B  ( )yyt B  ( )zzt B  

( )4 4 4× ×  251.67 505.87 520.54 -31.028 -212.37 -210.4 
( )6 6 6× ×  187.45 498.15 499.57 -21.438 -205.26 -204.44 

( )8 8 8× ×  143.48 476.65 480.21 -16.296 -202.33 -201.92 
( )8 8 16× ×  143.48 476.65 480.21 -16.296 -202.33 -201.92 
Target - 420.42 420.42 - 194.58 194.58 

Table  6.2. Long cylinder –  – finite element HC8/9 results 

66..1100..33  MMuullttii--bbooddyy  ssyysstteemm  

The system of three bars [19, 23] under the uniform temperature loading 050T C= , 
is shown in Figure  6.6: 

A

B

I 

II 

III

 
Figure  6.6 Three bar system  

The model problem is clamped at both ends. The bars are of different material 
characteristics and cross sections, as summarized in Table  6.3. The longitudinal 
displacements at points A  and B , and normal longitudinal stresses in three bars 
are to be determined. Target results are obtained by beam theory and reported in 
Table 6.4. 
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Geometry and material characteristics 

 L  b d×  ( )310E MPa  ν  ( )01/ Cα  

Bar 1 200 30 10×  100  0 66 10−⋅  

Bar 2 200 20 10×  200  0 612 10−⋅  

Bar 3 250 30 10×  70  0 616 10−⋅  

Table  6.3. Three bar system – input values 

Presently, this example is meshed by hexahedral finite elements HC8 9 . The five 
consequently refined finite element meshes shown in Figure  6.7, are considered. 
Although, the model problem has one symmetry planes 0x y  and 0x z , it is not used 
here – nevertheless, the results are same, only the execution time is greater. 
Nevertheless, approximation techniques of the future will not have need for 
geometrical simplification due to the smaller execution time purposes, therefore we 
will follow this idea for a moment also.  

The clamped edge in beam theory is simulated with all degrees of freedom 
suppressed on it. Presently, where meshing is performed by the use of hexahedral 
finite elements, we have assumed that ends are suppressed to move along the 
x -direction, while the nodes belonging to central planes 0x y  and 0x z , are allowed 
to move only in these planes, respectively.  

Therefore, only one mid-side finite element global node has all displacements of 
freedom suppressed. 

 

NEL=100 NEL=200 NEL=400 NEL=800 NEL=1800 

 
Figure  6.7 Three bar system - Finite element meshes  

With the careful inspections of the results obtained by the present approach and 
finite element HC8/9 on the finite element mesh with 200 finite elements, the next 
conclusions were driven. If we consider the defections of point A  (See Table 6.4), 
we may notice that all nodes in that section have deflection comparable to the 
target ones.  
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Even more, nodes that belongs to plane 0z = , that is all nodes that belong to the 
vertical mid plane of the beam, have same deflection that is in very smallest error 
to the target one. If we, on the other hand analyze obtained node’s deflections in 
sections through node B (See also Table 6.4), we may notice slightly different 
behavior. The deflections are very small in error to target ones only at nodes that 
belong to planes 10z = −  and 10z = , that is, at nodes that belong to front and back 
sides. 

Model with 800 FE - Displacement xu  at target sections 

Section trough node A  Section trough node B  
x  y  z  xu  x  y  z  xu  

200. 5. 15. -.042915 400. 5. 15. -.017960 
200. 5. 10. -.045612 400. 5. 10. -.009231 
200. 5. 0. -.047182 400. 5. 0. -.005923 
200. 5. -10. -.045612 400. 5. -10. -.009231 
200. 5. -15. -.042915 400. 5. -15. -.017960 
200. 0. 15. -.042378 400. 0. 15. -.017736 
200. 0. 10. -.045288 400. 0. 10. -.008823 
200. 0. 0. -.047026 400. 0. 0. -.005599 
200. 0. -10. -.045288 400. 0. -10. -.008823 
200. 0. -15. -.042378 400. 0. -15. -.017736 
200. -5. 15. -.042915 400. -5. 15. -.017960 
200. -5. 10. -.045612 400. -5. 10. -.009231 
200. -5. 0. -.047182 400. -5. 0. -.005923 
200. -5. -10. -.045612 400. -5. -10. -.009231 
200. -5. -15. -.042915 400. -5. -15. -.017960 

Target -.047475 Target -.00808 

Table  6.4. Three bar system –results at end sections 

The target [23] and present results obtained by the finite element HC8/9, are shown 
in Table  6.5. The displacements in x-direction are monitored at nodes ( )200,5,0A  
and ( )400,0,10B  respectively. Further, normal stress xxt  are monitored at node 

( )120,5,151N  for the bar I, at node ( )320,5,102N  for the bar II, and node 
( )550,5,153N  for the bar III. 
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Model NEL  ( )xu A  ( )xu B  ( )1
xxt N  ( )2

xxt N  ( )3
xxt N  

100 -.0383784 -.0084102 -55.728 -74.804 -53.213 

200 -.0433581 -.0087658 -53.163 -78.999 -53.312 

400 -.0459513 -.0089987 -53.300 -79.755 -53.319 

800 -.0471822 -.0088229 -53.284 -79.822 -53.298 

Beam theory -.0474747 -.0080808 -53.737 -80.606 -53.737 

Table  6.5. Three bar system – Target results 

Let’s now investigate the maximal values of the present model per both 
fundamental variables, that is displacement and stress. The results are shown in 
Table  6.5. Value ( )xu A  is the maximal displacement of the model problem, so we 
have uniform convergence to the target value as expected.  

On the other hand, ( )xu B  is not maximal displacement value, therefore, minor 
oscillations of the obtained results for around the target ones are for expected. The 
same explanation holds for the stress values ( )1

xxt N , ( )2
xxt N  and ( )3

xxt N , also. 
Nevertheless, the maximal stress value of the problem obtained by the present 
technique is at node ( ),5,10xNN , where Nx  is coordinate between last and one 
before the last finite element in the bar II .  

From the results reported in Table  6.6, we may see that absolute maximal results 
per both fundamental variables uniformly increase. 

 HC8 / 9  ( )HC8 / 9 HC8 / 27 around + N  

Model NEL  ( )max  xu A  ( )max  xxt N  ( )max  xu A  ( )max  xxt N  

200 -.04335814 -106.7864 -.04342646 -95.9831 

400 -.04595132 -123.2251 -.04554688 -108.8563 

800 -.04718220 -142.6383 -.04673137 -123.4100 

Target -.0474747  -.0474747  

Table  6.6. Three bar system – maximal FEA values 
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In the Figure  6.8, the visualization of the displacement component yu  is given on 
deformed configuration. If we now use the fact that this model problem has two 
planes o symmetry, 0x y  and 0x z , and make a finite element model which is only a 
quarter of the starting model problem, we may substantially refine the mesh on the 
same time execution cost. 

 

N

A

 
Figure  6.8 Three bar system – displacement yu  

On the plane 0x y  we must suppressed the degrees of freedom 0xz yz
zu t t= = = , and 

on plane 0x z  we must suppressed the degrees of freedom 0xy yz
yu t t= = =  to proper 

simulate the symmetry conditions. Therefore, we will refine mesh even further and 
mesh only a quarter of the model problem. The results are visualized in Figure  6.9, 
where we may see that maximal stress occurs in the vicinity of the interface 
between bars II  and III  (node N ), where maximal stress value is almost 45%  
greater than maximal target one. 

Finally, we may refine the space of dual variable (stress) in the vicinity of the stress 
concentration: ( )HC8/ 9 HC8/ 27 around + N . 

The maximal values of the problems are shown in Table 6.5, also. We can notice 
that maximal stress values per mesh are substantial lower – which can be explained 
by the more adequate approximation of the geometry near the singular point, as the 
entrance corner near the node N . For the more information about the use of the 
present finite element at and near the singular points, one can read the section 6.1 
in [1]. 
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N

 
Figure  6.9 Quarter of the three bar system – fine mesh - stress 

xxt  

We may conclude that present approach based on full theory without dimensional 
reduction, give us expected target results obtained by the beam theory. 
Additionally, there is possibility of inspection of other displacement or stress 
components. As well, the natural bridging to the meso-continuum scale is enabled. 

66..1100..44  TThheerrmmoossttaatt  sshheeeett  

Thermostat metal is a composite material, usually in the form of strip or sheet, 
made up of two or more metallic layers having different coefficients of expansion. 
When permanently bonded together, these layers cause the material to change its 
curvature when subjected to a change in temperature. This change of curvature or 
bending in response to temperature change (flexivity) is a fundamental property of 
all thermostat metals. Commonly, the interfacial stresses induced by thermal 
loading in bimaterial structures are of interest. 

Hence, a cantilever beam of length 10l = , width 1w = , and thickness 0.1t = , built 
from two equal thickness layers of different metals, shown in Figure  6.10, is 
analyzed. The beam is stress free at ref 70T = . The beam is fixed at the centerline of 
one end ( 0x = , 2y w= ), and subjected to a uniform temperature 0 170T = . The 
deflection at the centerline of the free end ( x l= ) of the cantilever and the outer 
fiber bending stress (top stress) at the fixed end, should be determined. For both 
materials the modulus of elasticity is 73 10E = ⋅  and Poisson’s ratio is 0ν = . 
Coefficient of thermal expansion for the first and second material are 51 10α −= ⋅  
and 52 10α −= ⋅ , respectively. Material one is positioned above material two. 

The target theoretical solutions for according to [20, 21] are ( )1 3 0.015u x l= = , 

( )3 3 0.75u x l= =  and ( )11 1 0 7500t x = = , where 1x x≡  and 3x z≡ . 
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A

B  
Figure  6.10 Bimetallic Cantilever Plate 

When this model problem is solved by the bar finite elements, it is straightforward 
to apply clamped boundary conditions at both ends. Nevertheless, if we want to 
model this example by the hexahedral finite elements the notion of clamped 
boundary condition is not obvious, especially from the point of view of comparison 
of the obtained results with beam theory. It is clear that if we suppressed 
displacement of all nodes of hexahedral finite element at the “fixed” end, the 
resulting longitudinal stress will be greater than if we suppressed displacements 
only at one node at the mid-side of “fixed” end. 

Presently, at the "fixed" end, only the center node is constrained to match the 
simple beam theory, and allow unrestrained bending in the y z−  plane. Further, 
only one half of beam’s width is considered due to the plane of symmetry x z− .  

Therefore, axial displacement yu  and shear stress components xyt  and yzt  are 
suppressed on the symmetry plane.It is known, that hexahedral finite elements 
based on the primal approach should not be used in the situations where 
slenderness is expected to be more than one-third in accordance to original shape. 
So presently, we want to show that small thickness of the hexahedral finite element 
HC8/9 will not deteriorate results, although it is already mathematically proven 
in [1]. 

The convergence is checked on three consecutively refined finite element meshes 
with 10 4 2× × , 20 4 2× ×  and 40 4 2× ×  finite elements of type HC20 27 . The 
results are reported in Table  6.7. 

Model 
( )4 2N × ×  

( )10,0.5,0xuB

 ( )10,0.5,0zuB

 ( )0,0,0.05xxtA  

10 0.01500 0.04619 -7496.10 
20 0.01500 0.10847 -7485.54 

40 0.01500 0.15128 -7435.61 

Theory 0.015 0.75 -7500.00 

Table  6.7. Bimetallic Plate – Target results 
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We obtain that maximal stress in the y -direction is of similar magnitude as the 
target one. Stress component xxt  for the finest finite element mesh considered, is 
visualized in Figure  6.11. 

 
Figure  6.11 One half of bimetallic Plate – FE HC20/27 model 40 4 2× ×  

Nevertheless, after the number of numerical experiments with different 
representation of the “clamped”  edge than presented above, we can conclude that 
maximal stress result strongly depend on how the clamped edge is represented 
through suppressed degrees of freedom per displacement and stress. Namely, if all 
x  - degrees of freedom on clamped edge are suppressed, the maximal stress result 
is much higher than the reported target one. 

6.11 Intel microelectronic package 

The rapid and reasonably accurate estimate of the stress level is very important for 
design reliability of laminated microelectronic packaging. Interfacial stresses 
induced by thermal loading during manufacturing or exploitation, are responsible 
for delamination-related failures in multi-layered microelectronic packaging. 
Thermal stresses are induced by the difference in linear coefficients of expansion 
between the various components. The resulting stresses often exceed the yield 
point of the material, which requires an inelastic analysis for the life estimation.  

The present model problem is taken from [24], where it is said that compared to 
numerical methods, analytical solutions can offer a faster and more accurate 
procedure for obtaining the interfacial stresses in laminated structures.  
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If we start from the assumption that input values (material, boundary condition, 
notation of the axes) are properly reported in that paper, we will presently show 
that with the present approach we obtain the substantially different result values, 
which are more like to the FEA results reported there calculated by the use of 
ANSYS software package. The Ball-Grid Array (BGA) shown in Figure  6.12, a 
chip package having solder balls on the underside for mounting model, is analyzed.  

The first layer is BT resin (epoxy), the second layer is eutectic Pb/Sn solder, and 
the third layer is silicon. It is subjected to the uniform temperature distribution 

306T K= . The reference temperature is 296T K= . The model of the present 
example is shown in Figure  6.13. Material properties were obtained by Nano 
indentation of the actual package itself and presented in Table  6.8. 

 

 
Figure  6.12 BGA Package – Cross-section 
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Figure  6.13 BGA Package –Idealized model problem geometry. 
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BGA package ( )1 BT  epoxyM  ( )2 Pb Sn  solderM  3 siliconM  

( )1E GPa  10.4 24.3 148 

( )2E GPa  17.5 24.3 112 
( )3E GPa  4.7 24.3 168 
( )12G GPa  3.54 9.2 46.2 
( )13G GPa  1.58 9.2 51.7 
( )23G GPa  9.04 9.2 33.2 

12ν  0.32 0.32 0.28 
13ν  0.32 0.32 0.28 

23ν  0.32 0.32 0.28 

( )6 0
1 E C−α  16 24.7 3 

( )6 0
2 E C−α  16 24.7 3 

( )6 0
3 E C−α  16 24.7 3 

( )H mm  1.32 0.096 0.714 
( )2L mm   20.5  
( )2t mm   2  

Table  6.8. BGA Package – material properties 

It is assumed that model problem is resting on a surface and it is free to expand. 
Therefore it has two planes of symmetry, x z−  and y z− . therefore only a quarter 
of the starting model problem show in Figure  6.13 is examined. The four 
consequently refined finite element meshes shown in Figure  6.14, are analyzed.  

There are two pairs of meshes: rougher with one and two elements per thickness, 
and finer with one and two elements per thickness. We will benefit again from the 
proven insensitiveness [1] of the present finite element on its distortion. Therefore, 
we will have four elements per thickness in the 2M  layer. The thickness of the 
model is taken to be unit one. As we can see, the model is only the rough 
idealization of the considered problem. Therefore, we can expect high validation 
error. Nevertheless, in the present paper we will qualitatively compare our results 
with results reported in [24]. 

The results for stress component xxt  on the intersection of the interface II  and 
plane 0y =  for both pairs of finite element meshes considered are shown in Figure 
 6.15. 
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mesh A mesh B

mesh C mesh D

 
Figure  6.14 BGA package - The four considered finite element meshes 

 

From the stress results shown in Figure  6.15 we can roughly conclude that number 
of elements per thickness does not significantly affect the results in the present 
example, but only the finesses of the mesh in the plane- x z− , especially in the 
vicinity of the free edge. 
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 Figure  6.15 BGA package – Stress ( )IIxxt   
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The results for stress components xxt , yyt . zzt , and xxt  on the intersection of the 
interfaces I  and II  and plane 0y = , for the finest analyzed finite element mesh, 
are shown in Figure  6.16. 
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Figure  6.16 BGA package - Stress results 
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Figure  6.17 BGA package - Stress results magnified near edge 10.25x =  
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Figure  6.18 BGA package - Stress values at interfaces for plane 1.0y =  

Nevertheless, maximal stress value occurs for stress component xxt  which is not 
reported in [12]. Stress component yyt  is of the similar maximal value as stress xxt , 
while stress component zzt  undergoes substantially lower maximal values. The 
visualization of stress component xxt  is given in Figure  6.19, while deformed 
configuration and values of displacement component xu  are shown in Figure  6.20. 

 

Figure  6.19 BGA package - FE HC20/27 stress component 
xxt  



Semi-coupled thermo-mechanical analysis   165 

Mijuca D. On Primal-Mixed formulation in Elasticity and Thermoelasticity 

 
Figure  6.20 BGA package - FE HC20/27 displacement component xu  

Present results shear stresses xzt  have the similar values for both interfaces with 
the results calculated by ANSYS and reported in [24]. Further, stresses zzt  at the 
free edge, the critical point where delamination usually starts, are the similar with 
the calculated by ANSYS [12], but are different from zero along the specimen as 
there is reported. In addition, displacements calculated by the present approach are 
10 times smaller than reported in [24]. 

To check it we have performed the analysis with software package Straus7 [19] 
and its finite element HEXA20, where the displacements are of the same 
magnitude as the presently calculated. 

 
Figure  6.21 BGA package – primal FE HEXA20 displacement component xu  
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From the reason that accurate estimate of the mechanical performance of the 
microelectronic packaging is of significant importance in the nowadays 
engineering, and due to the evident lack of confidence in the finite element 
technology in this application area, present results should be put on more rigorous 
verification, under the condition that present input material characteristic obtained 
by Nano indentation are correct. 

66..1111..11  CCllaammppeedd  ppllaattee  uunnddeerr  lliinneeaarr  tteemmppeerraattuurree  ggrraaddiieenntt  

This is an example where the substantial difference with theoretical value is 
observed. A flat plate of uniform thickness 0.1h =  and dimensions  12a =  and 

6b = , shown in Figure  6.22, has one face at a uniform temperature 296T K=ABCD  
and the other face at a uniform temperature 396T K=A''B''C''D'' . The temperature 
gradient between the faces is linear. The material is Stainless Steel: Grade 201 
(UNS No. S20100). The modulus of elasticity is 111.97 10E = ⋅  and Poisson’s ratio 
is 0.28=ν . Coefficient of thermal expansion is 51.57 10−= ⋅α . The edges are fixed 
and the plate will be held flat by uniform edge moments. The maximum resulting 
bending stress obtained by the plate theory (see [20] Section 15.6) is 

( ) 81 1 2.14785 10
2

T E= ∆ − = ⋅σ α ν  (compression on the hot face and tension on the 

cold face). Presently, the reference temperature, needed for the evaluation of 
expression (3), at all nodes is chosen to be 0 396T K= , although “plate theory” is 
blind for that data. 

The boundary conditions chosen, to simulate the fixed edges from plate theory, are 
shown in Figure  6.22. 
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Figure  6.22 Clamped plate – geometry and boundary conditions 
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Only one quarter of the plate is analyzed due to the symmetry. The different types 
of finite elements are used, that is: HC8/9 and HC20/21: with linear and quadratic 
approximation functions per displacement variable, respectively. The space of 
stress approximation functions is richer than that of displacement, for tri-quadratic 
finite element function connected to the bubble node per each of the finite element 
in the finite element mesh. 

In addition, the thickness is approximated with two or four layer of finite elements, 
in order to check that influence on the final result. The maximal stress result 
calculated is in all cases more than two times greater than target one, as can be seen 
in Table  6.9. 

 Stress xxt  
N HC8 9 :  two layers  HC8 9 :  four layers  HC20 21:  two layers  

5 3×  -.6026450E+09 -.5827414E+09 -.6003510E+09 
10 6×  -.5952670E+09 -.5751286E+09 -.5364032E+09 
20 12×  -.5951060E+09 -.5743724E+09 -.5330883E+09 
Target -.214785E+09   

Table  6.9. Clamped plate under linear temperature gradient - results 

The visualization of the quarter of the plate in the deformed configuration and 
intensities of the displacement component per plate’s transversal direction are 
shown in the Figure  6.23. The deformed state at one of the corner is magnified in 
order to show that the position of the inter-element boundary at node 'B  is not at 
the half of the plate’s height in the deformed configuration. The nodes B  and ''B  
are fully fixed, as prescribed. That is, inter-element boundary in the transversal 
direction goes down during the deformation. 

 B 

B’’
B’ 

A’’

A 

B 
 

Figure  6.23 Clamped plate – deformed configuration 
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If we enlarge the thickness to be ten times wider, that is 1.0h = , the maximal stress 
for the mesh 8 8 2× ×  is changed to 9.6549076 10xxt = − ⋅ . Nevertheless, nor plate 
thickness, nor its dimensions enter the plate theory’s formula for target result. On 
the other side, if the temperature field is uniform and held at 396T K= , the 
maximal stress for the same finite element mesh is even higher: 

9.6751096 10xxt = − ⋅ . 

Therefore, we can draw the conclusion that with present full theory, we have 
obtained the substantially different results from plate theory. Keeping in mind that 
with the present approach we have obtained the good results under mechanical 
loading only (see [1]), and that it shows good behavior for the other standard 
benchmarks examples presented above, we may conclude that plane theory is too 
simple to properly determine results of the present model problem, where external 
constraints are reason for the occurring of the thermal stresses (i.e. fixed 
boundaries). 

66..1111..22  HHoollllooww  lloonngg  sstteeeell  sshhaafftt  ccooaatteedd  bbyy  aa  bboonndd  aanndd  cceerraammiicc  llaayyeerrss  

The model problem is a hollow long steel shaft coated by a bond and ceramic 
layers [25], shown in Figure 6.24 is analyzed. The inner and outer radii of the shaft 
are is 3 0.005r m=  and 0 0.1r m= ,respectively. The height of the shaft is 0.1h m= . 
Structural reference temperature is 0

ref 1000T C= . It is assumed here that the layers 
of coatings and shaft are perfectly bonded to each other. 

1Ω

2Ω

3Ω

 

1L

 

2L

 
Figure 6.24. Thermal barrier coating model problem 

For sake of the comparison with available two-dimensional results based on plain 
strain theory [25], it is assumed that the shaft is constrained axially so that a 
condition of plane strain relative to x y−  plane exists. The material properties are 
given in Table 6.9. 
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The main causes of a TBC failure are the thermal stresses, which arise at the 
ceramic layer. Therefore, five models with decreasing thickness of coating t , that 
is, of bond and ceramic together, varied from 210 m−  to 610 m− , are analyzed. 
One-quarter of the model problem is analyzed due to the symmetry. 

 

Region Material 
Elastic 
Module 

[ ]E MPa  

Poisson’s 
ratio ν  

Thermal 
expansion 
coefficient 

0 1Cα −⎡ ⎤
⎣ ⎦  

Density 
[ ]kgρ  

Thermal 
conductivity 

0
Wk

m C
⎡ ⎤
⎢ ⎥⎣ ⎦

 

1Ω  Ceramic 41 10⋅  0.25  51 10−⋅  34 10⋅  1  

2Ω  Bond 413.7 10⋅  0.27  51.51 10−⋅  34 10⋅  25  

3Ω  Steel 421 10⋅  0.3  52 10−⋅  37.98 10⋅  25  

Table 6.9 Long steel coated shaft material properties 

All five model problems are discretized by eight finite elements along 
circumference. In addition, only one finite element layer along height of the shaft is 
set, because of the comparison by available two-dimensional theoretical results 
which encompass plain strain boundary conditions.  

Further, the radial meshing is performed by gradual refinement toward coating. 
Both, bond and ceramic regions are discretized by at least three finite element 
layers, along radius. Number of finite elements for five considered model problems 
with decreasing coating’s thickness, is 120, 160, 192, 248, and 384, respectively. 
Two types of loadings are analyzed separately, thermal and mechanical. The results 
obtained by finite element configurations HC8/9 and HC20/21 are compared with 
results obtained by two-dimensional conventional boundary element approach 
(CBEM) and analytical results given in [25]. Mechanical loading is given by the 
uniform traction on the outer boundary 1000p MPa= , which aspire to separates the 
coating from the blade surface.  

In addition, maximum stress value occurs per lateral stress component xxt  (or, 
equivalently yyt ), which is distinct with previous example of thermal loaded shaft 
in which maximum value is per stress component zzt .The thermal stress values due 
to the prescribed temperature boundary conditions on inner and outer surface of the 
shaft is reported in Figure 6.26, from which it can be said that present approach 
give us radial stresses that are in agreement with theoretical solution given in [25]. 
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Figure 6.25. Coating model: Interfacial stresses under tractions 
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Figure 6.26. Coating model: Interfacial stresses due to the thermal load 
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However, tangential thermal stresses calculated by present approach and by the 
commercial software code Straus7 based on primal (displacement based FEA 
method) [19], are different by results in [25]. It should be noted that comparison is 
made only for the coating thickness of 0.01m , because of the limitation of the 
primal FEA schemes related to the finite element aspect ratio restriction. Both FEA 
approaches, mixed and primal, give us value of tangential thermal stress 
component with negative sign. Further, present approach stabilize at value 

40MPa− , for difference to target results from [25] which stabilize at value 
100MPa . Therefore, tangential thermal stress analysis will be excluded from 
present investigation. 

Consequently, from results reported it can be concluded that as the coating 
thickness decreases, the solution accuracy of the present scheme keeps stable and 
high. It can be seen that present approach shows excellent agreement with 
analytical solution, while CBEM exhibits spurious behavior. Execution times on 
PC 1GB RAM, 2.4MHz for all model problems, are in range from 0.32 to 25.72 
seconds.  

Most important, it is shown that present three-dimensional primal-mixed finite 
element scheme may be used reliable in the thermo-mechanical analysis of the 
coated components, this is for difference to opinion given in [25] regarding finite 
element aspect ratio restriction.  

Therefore, future investigation will be oriented to the more realistic meshing in all 
geometrical dimensions, toward bridging with some molecular dynamic code in the 
region of the possible material imperfections. Therefore, present approach can be a 
useful tool for the coating design and peeling-off failure analysis of thermal barrier 
coated components. 

6.12 Conclusion 

Te novel multi-field reliable semi-coupled thermo-mechanical finite element 
technique for the calculation of thermoelastic response of isotropic and orthotropic 
solid bodies, is introduced. The dual variables, heat fluxes and stresses are 
presently fundamental variables, simultaneously calculated with primal variables: 
displacements and temperatures.  

The essential contribution of the present approach is that allows straightforward 
introduction of initial/prescribed displacement, strain or stress field mechanical 
fields, and consequently thermal strain field. Straightforward introduction of 
thermal strains, enables overcoming of the so-called consistency error between 
thermal strain and mechanical strain fields, mainly responsible for spurious 
oscillations of displacement variable.  
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In addition, the present approach is fully three-dimensional, overcoming well-
known transition problem of connecting finite elements of different types and 
dimensions. 

Beside fact that expected “accuracy” of the beam or plate/shell theories is 
preserved, natural setting for bridging with simultaneous or subsequent analysis on 
micro/nano scale is enabled, also. Consequently, present finite element approach 
enables greater design freedom than primal approaches with number of the case 
oriented finite elements. The reliability of present thermoelastic approach which is 
semi-coupled with the mixed finite element steady state or transient heat transfer 
approach developed on the same principle, makes a sound base for the subsequent 
inelastic or dynamic analysis. 
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CChhaapptteerr  77  OOnnee--ttoo--oonnee  mmuullttiissccaallee  aapppprrooaacchh  

A novel approach in computational modelling on scales ranging from the atomistic, 
through the microscopic, up to the continuum is presented. It is shown that present 
multiscale numerical approach, based on direct linking (that is one-to-one 
correspondence between molecular dynamics on atomistic scale and primal-mixed 
finite element scheme on macroscale), is reliable and efficient. It is shown that 
seamless semi-coupling between length scales is achieved, in spite of two main 
challenges, the computational complexity of coupled simulations via the 
coarse-graining approach and, secondly, the inherent difficulty in dealing with 
system evolution stemming from time scaling, which does not permit coarse 
graining over temporal events. Presently, the original primal-mixed finite element 
method is used, to describe the nonlinear deformation behavior of materials at the 
local macroscopic scales, that is, on continuum-mechanics-based framework, while 
molecular dynamics and embedded-atom interatomic potential is used on atomic 
scale. The reliability of present approach relies on robustness of primal-mixed 
finite element scheme, which is insensitive to distortion of the finite element in the 
mesh and high ratio of its maximal and minimal axial dimensions. This work is 
done in cooperation with dr Sreten Mastilović, who is responsable for all the 
calculations in MD domain. 

Key words: continuum mechanics, multifield finite element method, multiscale, 
molecular dynamics, direct linking scheme 

7.1 Introduction 

Despite the fact that the continuum mechanics (including the computational 
techniques such as the finite element method) have yielded many useful results and 
continue to be the workhorse of applied mechanics - notably in industry, the 
continuum viewpoint of the fracture is inherently limited to the extent that it 
neglects the atomistic structure of solids. Accordingly, in fracture, “as in any 
thermodynamic process, the final answers must be sought at the atomistic or 
molecular level” [1]. On the other hand, in the analysis of the nanoscale 
phenomena it is frequently necessary to consider models whose size exceeds the 
computational tractability of the molecular mechanics with current computers. The 
conflicting requirements for the computational expediency and the capability of a 
model to capture salient features of a physical problem are often addressed by 
coupling of the length scales [2][11]. 

Although appropriate for most of the problems in modern engineering structural 
assessment, continuum mechanics can not readily described certain heterogeneities 
linked to either the microstructure or the deformation (crack nucleation in fatigue, 
dislocation patterns, bifurcation phenomena, some non-local phenomena). 
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In design of large structures in the aerospace, deep marine or nuclear industries, the 
effects of ageing and environment on failure mechanisms cannot be left to 
conservative approaches. Namely, continuum mechanics (CM) can be used alone 
only if there is inherent assumption that material properties vary continuously 
throughout the solid. It is nowadays widely accepted that dual nature of the 
structure of matter, continuous when viewed at large length scales and discrete 
when viewed at an atomic scale, can be traced only by the multiscale materials 
modelling (MMM) approaches. Reliable numerical MMM approaches should 
harmonize continuum and atomistic analyses methods. 

The presented molecular dynamics (MD) simulation, employs the embedded-atom 
method (EAM) [4]. It is limited to several thousands atoms because of the 
hardware limitations (PC Pentium IV on 2.4 GHz, 1GB RAM configuration), 
which is admittedly not even close to the current state-of-art MD capabilities of 
several hundred millions atoms. The interconnections between atoms are simulated 
by interatomic potential, understanding that it may not provide the desired physical 
accuracy for many real complex materials of interest. For example, reliable 
interatomic potentials are often not available for multielement materials and for 
systems containing interstitial or substitutional alloying impurities. 

Nevertheless, proper choice of interatomic potential is of crucial importance in 
obtaining physically meaningful results. In general, there is a compromise between 
the potential rigorousness and the computational efficiency. For high 
computational efficiency, pair potentials, such as the Lennard-Jones potential are 
still often employed. These simple potentials have very few fitting parameters 
easily determined from crystal properties. On the other hand, this potential suffers 
from non-transferability. Since these potentials are fitted to only a few perfect 
crystal properties, their applicability in studying defects is by default questionable. 

On a first sight, solving MD second-order ordinary differential equations for all the 
atoms in an ensemble may appear simplistic. Nevertheless, a physical simulation 
involves employment of appropriate boundary conditions, stress and temperature 
control to imitate physically meaningful thermodynamic ensembles, and proper 
selection of numerical integration scheme which should be both numerically stable, 
as well as computationally efficient.  

Two types of boundary conditions often used between CM and MD domains are 
the flexible and direct linking scheme (for a detailed overview see [5]). The 
flexible boundary conditions, often referred to as the Green’s-function boundary 
conditions, have been extended to three dimensions [6]. The flexible boundary 
conditions have some advantages over the direct linking scheme; however, 
Green’s-function calculations are time-consuming, which limits applicability of the 
flexible boundary condition. In the present approach the direct linking scheme 
between MD and CM domains is adopted.  
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As emphasized in [5], “once numerically robust and efficient, the direct linking 
scheme should be the most reliable and desirable boundary condition.”In addition 
to the above issues of numerical integration and boundary conditions, successful 
MD simulations rely on the appropriate control of thermodynamic variables such 
as temperature or pressure. Temperature is controlled through the kinetic energy or 
velocities of all atoms. For the sake of simplicity, it is assumed in the present study 
that temperature is uniform in space, and the Nose-Hoover thermostatting 
formalism (as presented in [12]) is adopted. 

The computational thermo-mechanical CM analysis of solids is very important in 
nowadays engineering calculations. Nevertheless, there are issues of reliability, 
transition error, tensorial invariance, consistency error, introduction of the residual 
stresses, and introduction of the initial deformations, unwanted spurious oscillation 
of primal and dual variable fields, thermal stress calculation, no dimensional 
reduction, scale robustness, robustness of material properties, material interfaces, 
and presence of the thin inner or outer layers of materials, which must be addressed 
in order to have confidence in numerical results [3]. Usually some of these issues 
are possible to overlook and again obtain structural response with low verification 
and validation error. 

However, when all of these issues are present in the same structure, the system 
analyst is facing the problem that no numerical procedure is capable of addressing 
in the satisfactory manner. As a simple and natural method of discretization, the 
finite element method based on extremal principles is not capable to deal with all 
of these issues also, contrary to the new semi-coupled primal-mixed finite element 
approach which is presently used. 

Therefore, in the present paper two semi-coupled approaches for nano-scale and 
macro-scale analyses are used, which are both reliable computational schemes in 
their domains. The first author of the present paper is responsible for the CM 
analysis, while the second author is responsible for the MD analysis. 

Bridging of two domains is performed utilizing the direct linking scheme 
connecting boundary atoms of MD domain to the boundary nodes of the finite 
element domain. Field variable of interest which is transferred from MD to CM 
domain is displacement. It should be noted, that success of present approach rely 
solely on robustness of CM primal-mixed scheme which is insensitive to distortion 
of the finite element in the mesh, that is, present three-dimensional HC8/27 finite 
elements may have extremely high ratio of its maximal axial dimensions and 
maintain its stability and robustness. 
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7.2 Continuum mechanics method 

Presently, a three-dimensional thermo-mechanical multifield primal-mixed finite 
element method [3] is used, to describe the nonlinear deformation behavior of 
materials at the local macroscopic scales, that is, on CM-based framework. It is 
used for analysis of either isotropic or anisotropic materials, or almost 
incompressible materials, with or without (thermal barrier) coatings or bonds or 
abrupt material changes. Its unique properties are stress approximation by the 
continuous base functions, introduction of stress constraints as essential boundary 
conditions, and initial stress/strain field capability, residual stress implementation. 
The relevant hexahedral finite element HC8/27 satisfies mathematical convergence 
requirements, like consistency and stability, even when it is rigorously slandered, 
distorted or used for the nearly incompressible materials. In order to minimize 
accuracy error and enable introductions of displacement and stress constraints, the 
tensorial character of finite element equations is fully respected. Present finite 
element approach has four fundamental variables of interest, per which essential 
boundary conditions may be prescribed: displacement, stress, temperature, and heat 
flux. 

In elasticity analysis present CM scheme can be written as the system of linear 
equations of order tu nnn += , where un  is the number of displacement degrees of 
freedom, while un  is the number of stress degrees of freedom: 

0vp vpvv vv v p
TT

pv p pvv v p

.
⎡ ⎤− ⎡ ⎤ ⎡ ⎤⎡ ⎤ ⎡ ⎤

= −⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ +− ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎣ ⎦

-A DA D t t
D 0 f pD 0 u u

 (7.1) 

In this expression, unknown (variable) and known (initial, prescribed) values of the 
stresses and displacements, denoted by the indices v  and p  respectively, are 
decomposed. The nodal stresses Lstt  and displacements Kqu  components are 
consecutively ordered in the column matrices t  and u  respectively. The 
homogeneous (zero) and nonhomogenous (nonzero) essential boundary conditions 
per displacements pu  and stresses pt  are introduced as contribution to the 
right-hand side of the expression (1). 

The members of the matrices A  and D , of the column matrices f  and p  
(discretized body and surface forces) in (2), are respectively: 
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 (7.2) 

By analogy with above finite element approach in elasticity [3], transient heat 
transfer finite element approach can be written as a system of linear equations of 
order q Tn n n= + , where Tn  is the number of temperature degrees of freedom, while 

qn  is the number of flux degrees of freedom, in matrix form at the current time t : 

( )

( )
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A B
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+ ⎢ ⎥⎢ ⎥+ − −⎢ ⎥⎣ ⎦ ⎣ ⎦

q

q
 (7.3) 

In this expression, unknown (variable) and known (initial, prescribed) values of the 
fluxes and temperatures, denoted by the indices v  and p  respectively, are 
decomposed. The nodal flux ( pLq ) and temperature ( LT ) components are 
consecutively ordered in the column matrices q  and T  respectively.  

77..22..11  RReelliiaabbiilliittyy  ooff  CCMM  sscchheemmee  

It is shown [3] that finite element scheme HC8/27 is reliable in every limit 
scenarios, such as thin solid body, almost incompressible material, highly distorted 
mesh. Therefore, we may say that success of the present scheme is due to the 
reliability of the present primal-mixed finite element approach, which satisfies all 
convergence criteria, such as robustness, solvability, consistency and stability [7]. 
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7.3 Molecular dynamics method 

The MD method relies on description of simultaneous motion and interaction of 
atoms (or molecules). The dynamic evolution of the system is governed by 
classical Newtonian mechanics, where for each atom i  the equation of motion is 
given by 

2

2 ,
i

i
i i R
d RM F
dt

= = −∇ Φ  (7.5) 

which is derived from classical Hamiltonian of the system: 
2

,
2
i iM VH = + Φ∑  (7.6) 

An atom of mass iM  moves as a rigid particle at the velocity iV  in the effective 
potential ( )iRΦ  of other particles. The atomic force iF  is obtained as the negative 
gradient of the effective potential: 

ii RF = −∇ Φ . Presently, the embedded-atom 
interatomic potential (see [11] for details) is used in calculations within the nearest-
neighbor approximation. 

The close-packed crystal lattice is used within the MD framework to model the 
atomistic domain of the solid structure. The embedded-atom potential has proven 
to be a good choice for simulations of plastic deformation of simple metals [4], as 
presently considered. 

7.4 Semi-coupling between atomistic and continuum domains 

The present bridging approach introduces a three-dimensional multiscale approach 
to thermo-mechanical analysis of a crystalline lattice with defects (the MD 
method), embedded in a large continuum domain (the finite element method). This 
approach has been arousing perennial interest in the research community since it 
offers advantage of deeper understanding of the underlining physical phenomena 
facilitated by the MD with the computational expediency of the finite element 
method; an appropriate computational technique is used for each scale. 

At the interface between the two domains there is a direct kinematic coupling 
between atoms and nodes of the finite element mesh. The direct linking of 
atomistic and continuum regions [8] is presently adopted in three dimensions. 

The field variable of interest, which is transferred from DM to CM domain, is 
displacement. Displacements of the boundary atoms are used as prescribed 
displacements for the finite element nodes on the boundary of the CM domain.  
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Subsequently, when displacement field of the CM domain is calculated, new 
boundary CM displacements are imposed as the new boundary conditions to the 
new MD analysis iteration, until the equilibrium is reached. It should be noted, that 
success of present approach rely solely on robustness of CM primal-mixed scheme 
which is insensitive to distortion of the finite element in the mesh, that is, present 
three-dimensional HC8/27 finite elements may have extremely high ratio of its 
maximal axial dimensions and maintain its stability and robustness. 

The goal of the present approach is to offer a tool for studying the microscopic 
bases of many macroscale phenomena (including the subtle features of fracture), 
which opens pathway for structural engineering of materials on nanoscale and 
microscale 

7.5 Large Scale Computation 

The present CM primal-mixed finite element approach produces has system matrix 
that is large, quadratic, symmetric, sparse, and indefinite. Therefore, the modified 
direct MA47 solution procedure, particular version of the Duff-Reid algorithm [9], 
which solves a sparse symmetric indefinite system of linear equations using 
multifrontal Gaussian elimination and makes a special effort to exploit the zero 
block from present saddle point problem, is presently used.  

The scaling routine MC30 [9] is also used in order to increase robustness of the 
solution procedure in the case of geometrically multiscale analyses. The 
performance of the adjusted solution method is studied and compared with existing 
in-house sparse Gaussian elimination solver (SSGE). The numerical examples are 
calculated on the PC Pentium IV on 2.4 GHz, 1GB RAM configuration. The results 
obtained, confirmed the efficiency and reliability of the MA47 procedure. 

7.6 Numerical example in nano-indentation 

The example is a simulation of the quasi-static nano-indentation by using the 
described multiscale approach. A model problem of the quasi-static nano-
indentation shown in Figures 7.4 and 7.5, is considered. Namely, in the plain strain 
MD simulation an atomically sharp rigid indenter is coming into contact with an 
ideally flat substrate. The substrate material is considered to be Titanium with 
Young’s modulus 116E GPa=  and Poisson’s ratio 0.36ν = . The dimensions of the 
whole model problem (the CM domain and the MD patch embedded in it) are 

4 42.02 10 1.01 10m m− −⋅ × ⋅ . A domain of the model problem directly under the 
nanoindenter is calculated by the MD. The MD patch is of dimensions 

9 81.16 10 1.507 10m m− −⋅ × ⋅ .  
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The MD analysis is performed on constant temperature of 0100 C  by using the 
Nose-Hoover thermosetting method (as presented in [12]). The MD part of the 
substrate is approximated by two-dimensional triangular lattice, which is 
equivalent to three-dimensional continuum under the plane strain conditions [13]. 
On the other hand, on the CM domain simulation is three-dimensional.  

The transition from two-dimensional MD phase of simulation to the three-
dimensional CM phase of simulation is performed by mirroring input values of MD 
displacements along the third dimension (i.e., along the thickness). Following 
equilibration, the intrusion of nano-indenter into the substrate takes place on the 
upper boundary of MD domain.  

It is important to emphasize that that this is an ongoing project, which renders a 
couple of simplifications necessary for the sake of the expedient code development. 
Specifically, the left and right boundaries of MD domain are free to deform, while 
the bottom boundary of MD domain is currently fixed. Also, the MD domain is 
admittedly miniscule at present— 41 61×  atoms—although an order-of-magnitude 
larger MD ensembles are feasible on the PC used.  

 
 Figure 7.4. Nanoidentation model problem 

 
Figure 7.5. Model magnified around MD domain 
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Figure 7.6. Atomic configuration around indenter tip 

At the onset of indentation, a dominant atomistic mechanism of plastic deformation 
is the local diffusional flow of the substrate atoms, resulting in their pile-up around 
the indenter tip (“wetting” of the tip). Subsequently, as the deformation energy 
accumulates around the tip, the edge dislocations are emitted from the tip region, as 
indicated in Figure 7.7.  The dislocations glide on their slip planes until they 
encounter the lateral (left and right) MD-region boundary, which results in 
formation of slip bands (slip discontinuities, dislocation steps). The formation of 
these bands is also captured by the localization of the deformation and stress fields 
of the CM region depicted in Figures 7.7 and 7.8. 

 
Figure 7.7. Edge dislocations on slip planes 
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Thermal fluctuations in the MD part of the substrate around the prescribed 
temperature of 100 373T C K= ° =  are presented in Figure 7.8. As indicated before, 
the displacements are transferred from MD to CM domain by one-to-one 
correspondence between MD and CM domains. 

 
Figure 7.8. Thermal fluctuations around prescribed temperature 

In the first incremental step, which is reported herein, the coordinates of bridging 
nodes and theirs displacements are given in Table 7.1. 

Atom 
No. 

x  y  xu  yu  

0 -57.3E-10 0.0 -4.674E-10 -8.678E-10 
492 -57.3E-10 -30.1E-10 -5.503E-10 -8.813E-10 
984 -57.3E-10 -60.3E-10 -5.589E-10 -9.607E-10 
1476 -57.3E-10 -90.4E-10 -6.453E-10 -1.033E-9 
1968 -57.3E-10 -120.6E-10 -4.804E-10 -8.307E-10 
2460 -57.3E-10 -150.7E-10 -1.003E-10 -2.948E-10 
40 58.7E-10 0.0 4.122E-10 -1.035E-9 

532 58.7E-10 -30.1E-10 5.499E-10 -1.091E-9 
1024 58.7E-10 -60.3E-10 5.304E-10 -1.109E-9 
1516 58.7E-10 -90.4E-10 5.345E-10 -1.037E-9 
2008 58.7 E-10 -120.6E-10 2.129E-10 -6.304E-10 
2500 58.7 E-10 -150.7E-10 -3.051E-11 -4.398E-10 

Table 7.1. MD/CM boundary: Coordinates and displacements (left and right) 
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From results obtained we may se that no spurious displacement occurs in the finite 
element model. Obtained results of this preliminary multiscale analysis, are 
affirmative for future research. First incremental step in our numerical example 
give us the displacement [ ]m  shown in Figures 7.9 and 7.10. 

 
Figure 7.9. Nanoidentation model: displacement field yu  after first increment of 

analysis of the whole model 

 
Figure 7.10. Nanoidentation model: displacement field xu  after first increment of 

analysis in CM region near around MD region after first increment of analysis 
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7.7 Conclusion 

The present paper introduces a three-dimensional multiscale approach to thermo-
mechanical analysis of a crystalline lattice with defects (the MD method), 
embedded in a large CM domain (the finite element method). This approach has 
been arousing perennial interest in the research community since it offers 
advantage of deeper understanding of the underlining physical phenomena 
facilitated by the molecular mechanics with the computational expediency of the 
finite element method; an appropriate computational technique is used for each 
scale. It is shown that present approach based on direct linking, that is one-to-one 
correspondence, between molecular dynamics on atomistic scale and primal-mixed 
finite element scheme on macroscale, is reliable and efficient. Finally, it cannot be 
overemphasized that this is an ongoing project; future work will address current 
oversimplifications and shortcomings. 
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AAPPPPEENNDDIIXX  

Determination of the strain energy and appropriate norms 
Obtaining of reliable solution of appropriate mathematical model is one of crucial 
demands posed in front of the finite element (FE) end users in engineering practice. 
On the other side, end user is, as a rule, completely confident in finite element 
software package. So, if a new procedure intended to be introduced in a FE 
software it must pass through serious numerical examination with a sound 
mathematical bases. When FE analysis is used it is known that in a typical situation 
only an approximate solution of the model problem is computed. The main users’ 
question is how accurate are such results. There are several ways of investigation 
of the FE analysis error. Commonly used way of determination of an 
approximation error is by the use of a nonnegative number called the norm. 

If a local discretization error estimate for a given mesh is needed, it is practical to 
introduce energy (error) norm: 

( ) ( )e dh
T

h= − −
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟∫ t t A t t Ω

Ω

1 2/

 (A.1) 

In this expression t is an exact stress solution, A the elastic compliance tensor and 
Ω the domain of the model. It is usually taken as granted that smoothed 
(continuous) stress field is “more accurate” than finite element discontinuous stress 
pattern.  

The corresponding a posteriori error indicator of Z–Z (Zienkiewicz – Zhu) type [1] 
is, for an element: 

( ) ( )e dfea e fea smooth

T

fea smooth e

e

= − −
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 (A.2) 

Analogously, one can introduce the absolute energy norm: 

u Ue h= 2  (A.3) 

or more specifically: 

u dfea e fea
T

fea e
e

=
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟∫ t A t Ω

Ω

1 2/

 (A.4) 

It is easy now to define the relative percentage error [1] or precision [12] as: 
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ηe
e

e

e

u
= ×100 (A.5) 

( ) 100
fea e

fea e
fea e

e

u
η = ×  (A.6) 

The element error indicator (A.5) is almost identical to those proposed in [1] and 
[12]. Denominator in these references is defined as ( )1/ 22 2

e e
u e+ , assuring 

100%eη <  for coarse meshes, but approaching (A.2) for realistic ones. When it is 
interesting to examine which region in the model has a maximum absolute value of 
the function under the investigation the maximum norm can be used: 

( ) 2/1max tte ⋅=
Ω∞

 (A.7) 

Other way of measuring the error arisen with approximation method is, 
traditionally, the strain energy: 

U d= ∫1
2

t t    : :  A Ω
Ω

. (A.8) 

It has been used [9] for estimation of accuracy and convergence of the finite 
element solutions. The energy of finite element solution at the element level is 
obviously: 

1    :   ,
2h h hU d

Ω

= Ω∫ t t: A  (A.9) 

where Ωe is the domain of an element. Note also that th is a finite element stress, 
dependent on the stress recovery procedure. The popularity of above measure is 
partially due to a fact that it is, at a system level, because of the First Law of 
Thermodynamics, equal to the work of the external forces (at least for hyperelastic 
materials) which can be easily calculated [10]. However, the numerical tests show 
that the strain energy (6.6) at global level, if raw FE stresses are considered, is 
closer to (A.5) than if we use any sophisticated stress smoothing [17]. Hence, for 
the purpose of the stress estimation, in the equation (A.6) we can replace the exact 
stress t by tfea – raw finite element results, and th by tsmooth – the result of any 
smoothing procedure. 

There are several ways of investigation of the FEA error. Commonly used way of 
determination of an approximation error is by the use of an appropriate norm. If the 
discretization error estimate for a given mesh is needed, it is practical to introduce 
energy (error) norm: 
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In this expression t is an exact stress solution, th finite element stress, A the elastic 
compliance tensor and Ω the domain of the model. Also, the strain energy: 

U d= ∫1
2

t t    : :  A Ω
Ω

 (A.11) 

has been traditionally used [10] for estimation of accuracy and convergence of the 
finite element solution. The popularity of the above measure is partially due to a 
fact that it is, at a system level, because of the First Law of Thermodynamics, equal 
to the work of the external forces (at least for hyperelastic materials). 

It has been proven in [11] that the energy of the error of the finite element solution 
is equal to the error of the energy, i.e. 

e U U2 2 2= − FEA  (A.12) 

As simple differences between two scalar quantities, expressions of the type (A.12) 
can be used for the determination of the energy difference between any two 
solutions of the problem under consideration. At variance, the expressions of the 
type (A.10) calculate energy error correctly only if the stresses under consideration 
are based on some global projection procedure. The use of (A.10) in the case when 
th is not an orthogonal projection of t, can seriously underestimate the energy error 
norm. Hence, the popular use of (A.10) for the determination of the error of a 
smoothed solution ( t th = SMOOTH ) is overoptimistic and misleading. 

The strain energy Uh of finite element solution is given by: 

Uh h h i

i

= ∫∑1
2

T : : T
Ω

Ω     dA
e

 (A.13) 

where Th is finite element stress. The popularity of this measure is partially due to 
a fact that it is, at a system level, equal to the work of the external forces W (at 
least for hyperelastic materials) which can be easily calculated [12]. For the energy 
error determination in this paper we will use the expressions representing relative 
percentage error [13] or precision [14], where U is the exact or estimated strain 
energy, of the type 

η =
−

⋅
2 2

2
100

U U

U
h %  (A.14) 
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