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Abstract A new reliable primal–mixed finite element ap-1

proach for the heat transfer analysis in solids, is examined2

in detail. The essential contribution is that both variables of3

interest, temperature and heat flux, are calculated simulta-4

neously from the same system of finite element equations. In5

addition, as a novelty, continuity of the trial and test heat flux6

functions is enforced, to avoid the need for some a posteri-7

ori heat flux smoothing technique. In order to minimize the8

accuracy error and enable introduction of the flux constraints,9

tensorial character of the present finite element equations is10

fully respected. The proposed finite element is subjected to11

low and high order convergence and efficiency tests in steady12

state and transient heat transfer analysis, which enlighten its13

solvability, stability, accuracy and effectiveness, i.e. its reli-14

ability.15

Keywords Heat transfer · Finite element method · Mixed16

variational · Solid mechanics · Reliability17

1 Introduction18

Increased thermal efficiency and integrity of materials in19

high–temperature environments are essential requirements20

in engineering structures. Therefore, either alone, or as an21

integral part of thermo–mechanical analysis, the heat trans-22

fer analysis is of great importance in the analysis and design23

of engineering components. Since analytical solutions may24

be found only for simple geometries, the numerical meth-25

ods implemented on computers have been used for several26

decades. One of the first numerical methods used for this27

purpose is the finite difference method (FDM). It is straight-28

forward to apply and results with system of equations that is29

simple to solve [1]. However, it has difficulties in treatment30

of irregular boundaries. Additionally, it remains intimately31
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tied to the grid. The analysis involves functions defined over 32

a discrete set of points, i.e. the grid. It is derived by approxi- 33

mating operators. 34

The other method is the finite element method (FEM) 35

[2,3]. Generally, emphasis is given to primal FEM, where 36

temperature is the only one solution variable, which should 37

satisfy the temperature boundary conditions and appropriate 38

interelement conditions. The heat flux field is calculated a 39

posteriori by some of recovery schemes. Unlike FDM, it can 40

be easily lifted from the grid into a function space, every- 41

where in the given domain. In addition, the primary approxi- 42

mation step in deriving the FEM is replacing the solution by 43

an approximation. Main advantages of the FEM over FDM 44

are simple treatment of irregular boundaries and anisotropic 45

materials, ability to change element size and shape in order to 46

fit arbitrary boundaries, more natural introduction of bound- 47

ary conditions, and improvement of accuracy by using higher 48

order elements. 49

Alternatively, a multifield finite element method [2] is one 50

which has more than one solution variable in the resulting 51

formulation. If all fields of variables are of the same dimen- 52

sionality the resulting multifield approach is called mixed, 53

otherwise it is called hybrid. Mixed formulations reduce the 54

order of differential equation and therefore its continuity 55

requirement. Other advantages of mixed over primal finite 56

element approaches are their robustness in the presence of 57

limiting and extreme situations, like irregular boundaries and 58

non–smooth boundary conditions. Nevertheless, since there 59

are at least two fundamental variables, the overall stability 60

of mixed approaches is not easy to achieve. Another conse- 61

quence is that resulting system matrix is not positive definite, 62

as in primal approaches, which raise the need for specially 63

designed technique for solution of large-scale systems of lin- 64

ear equations [4,5]. Further, the boundary element (BEM) 65

formulation [6] is more attractive as a small scale, high order 66

approximation. In addition, meshless methods are also used 67

[7,8]. They are simple to implement, accurate and require no 68

polygonalisation of the domain. Weakness of these methods 69

is that they require much more computational time to achieve 70

convergence of the results. 71
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On the other hand, analysis of transient heat flow involves72

conduction heat transfer in regions of arbitrary shape where73

temperature is a function of both time and position. The most74

usual numerical approach is to separate discretization proce-75

dure for space and time variables [9]. The time is usually76

discretized using the FDM, while the space is discretized77

either by the FEM, or by some other numerical method. By78

discretization of the starting problem using FEM, a system79

of semi–discrete initial value problems is obtained, which80

can be solved by various methods, for example θ– method.81

By changing the parameterθ , well–known finite difference82

schemes are obtained, like Crank–Nicholson (θ = 1
/

2), Eul-83

er forward (θ = 0), Euler backward (θ = 1) or Galerkin84

(θ = 2
/

3). It is also possible to apply multistep schemes85

for time discretization [9]. Since transient heat transfer prob-86

lem is a parabolic problem, it is possible to solve it using87

either explicit or implicit time schemes. The explicit meth-88

ods are only conditionally stable, requiring the time–step to89

be restricted below a certain critical value to maintain numer-90

ical stability. The maximum time–step allowed is governed91

by the largest eigenvalue of the problem. On the other hand,92

implicit finite difference schemes are unconditionally stable,93

although they require much more computational effort than94

the explicit time schemes. Another available method is the95

fundamental collocation method [10,11].96

In this paper, a new reliable fully three–dimensional pri-97

mal–mixed finite element approach for the solution of steady98

state and transient heat transfer in solids, is examined in de-99

tail. It has two solution variables that are simultaneously cal-100

culated: temperature and heat flux. As a novelty, the inter-101

element continuity of the heat flux shape functions is inten-102

tionally enforced. Consequently, the need for some a poste-103

riori scheme [12] for the recovery of the heat flux field is104

avoided. Implicit Euler backward time scheme is used in or-105

der to obtain the stable solution during the time integration.106

Further, the well–known transition problem, that is, connect-107

ing finite elements of different dimensionality in situation108

where model problem has geometrical transitions from solid109

to thick or thin, is avoided by the use of robust hexahedral110

finite elements only. The main motive for this development111

is found in lack of hexahedral (solid) finite element that is112

reliable and robust [13,14], and which can be reliably used113

in the subsequent mechanical analysis. Hence, the main goal114

is to prove the reliability of the approach proposed by the low115

and high order convergence tests. The future investigation is116

oriented toward implementation of the present approach in117

the semi–coupled thermo–mechanical code, where original118

primal–mixed finite element elasticity analysis is introduced119

in [15]. Namely, the new approach will be oriented for more120

accurate determination of thermal stresses, where no con-121

sistency problem [16] will occur in calculation of thermal122

and mechanical deformations. The possible areas of applica-123

tion are in the analysis and design of standard engineering124

structures, as well as in advanced analyses of thermal barrier125

coatings (turbine blades), micro electronic packages, multi-126

scale phenomena and analyses of freezing and thawing of127

human organs.128

2 Primal-mixed formulation of the heat transfer 129

The mathematical model of transient heat transfer in solids is 130

based on conservation principle (1) and constitutive law (2), 131

in strong form [8,10]: 132

ρc
∂T

∂t
+ divq − f = 0 in� (1) 133

q = −k∇T in�. (2) 134

In above expressions, the state of the body is described 135

by temperature T and heat flux vector q. The body has three 136

material properties k, ρ and c. The quantity k is a second 137

order tensor of thermal conductivity, in general case, of an 138

orthotropic material. If the material is homogeneous and iso- 139

tropic, the tensor k will degenerate to simple scalar value k, 140

i.e. thermal conductivity. Further, ρ is the material density, 141

and c is the specific heat, while f stands for the internal heat 142

source generated per unit volume. It is presently assumed 143

that material properties are independent of the temperature. 144

In addition, variables T (X, t), q(X, t), f (X, t) are functions 145

of the space X and time t . Further, �̄ is some closed and 146

bounded domain of the Euclidian space En (n = 1, 2, 3) 147

occupied by the considered body. Inner part of �̄ is denoted 148

by �, and its boundary by ∂�, � ∪ ∂� = �̄. The boundary 149

is subdivided into four parts: ∂�T ,∂�q ,∂�c and ∂�r , which 150

are: the part of the boundary per temperature, per prescribed 151

heat flux, heat flux due to the prescribed convection and heat 152

flux due to the prescribed radiation, respectively, such that 153

∂�T ∪ ∂�q ∪ ∂�c ∪ ∂�r = ∂�. 154

In order to obtain unique solution of the above equations, 155

the following set of essential boundary conditions per tem- 156

perature (3) and boundary conditions per heat flux (4)–(6), 157

are available: 158

T = T̄ on∂�T , (3) 159

q · n = qh = h on∂�q , (4) 160

q · n = qc = hc(T − Ta) on∂�c, (5) 161

q · n = qr = hrσ A(T 4 − T 4
a ) on∂�r , (6) 162

Specifically, Neumann boundary conditions due to the pre- 163

scribed heat flux are given by the expression (4). While, 164

Robin boundary conditions due to the prescribed convec- 165

tion are given by the expression (5), where hc is the convec- 166

tion coefficient and Ta is the ambient (environmental) tem- 167

perature. And finally, boundary conditions per radiation are 168

given by (6). The initial boundary conditions are given by 169

T |t=o = T0. If heat transfer is independent of time, the first 170

term in (1) vanishes, and problem reformulates to steady– 171

state heat transfer. 172

The boundary condition (3) is essential, and hence exactly 173

satisfied by the trial functions of the problem. Therefore, we 174

need to consider only the weak forms of the equations (1) 175

and (2). Using the Galerkin procedure, one can seek the weak 176

solution of (1): 177∫
�

(
ρc

∂T

∂t
+ divq − f

)
θd� = 0 (7) 178
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where θ denotes test functions in the complete space of inter-179

polation functions, which are taken from the Hilbert spaceL2180

of all real measurable square integral scalar functions:
∫
�

g2d�181

< ∞, with the inner product (h, g) =
∫
�

hgd� and norm182

defined by ‖g‖2 = (g, g) for all h, g ∈ L2(�).183

Further, the weak form of the inverted constitutive equa-184

tion (2), where vector Q is the test function taken from the185

space of all measurable square integrable vector fields is186

given by:187 ∫
�

(k−1q + ∇T )Qd� = 0 (8)188

Simple summation of (7) and (8) gives us the expression189

which represents an asymmetric weak formulation of the190

mixed problem.191

Find {T, q} ∈ H1(�)× H(div) satisfying boundary con-192

ditions and193 ∫
�

(k−1q + ∇T )Qd� =

∫
�

(
ρc

∂T

∂t
+ div q + f

)
θd� (9)194

for all {θ, Q} ∈ L2(�) × L2(�).195

In these expressions, space H(div) is the space of all vec-196

tor fields which are square integrable and have square inte-197

grable divergence. However, asymmetric formulations are198

impractical from the computational point of view. Integrat-199

ing by parts and applying the divergence theorem on the first200

term on the right side of (9) yields symmetric weak form201

of the mixed problem, where H1 is the space of all scalar202

fields which are square integrable and have square integrable203

gradients, with the norm ‖g‖2 =
∫
�

(
(g′)2 + g2

)
d� for all204

g ∈ H1(�):205

Find{T, q} ∈ H1(�)× L2(�) such that T |∂�T
= T̄ and206 ∫

�

qk−1 Qd� +

∫
�

∇T · Qd�207

=

∫
�

ρc
∂T

∂t
θd� +

∫
�

q · ∇θd� −

∫
�

θ f d�208

−

∫
∂�q

θhd∂� −

∫
∂�c

qcθd∂� (10)209

for all {θ, Q} ∈ H1(�) × L2(�) such that θ |∂�T
= 0.210

As an essential contribution of the present approach, the211

trial and test shape functions for the heat flux variable are212

presently chosen from continuous subspace H1, instead from213

space L2. It is done in order to enforce interelement conti-214

nuity of the heat flux field over the subdomains of the body,215

where it is physically justified.216

In the present approach, the Backward Euler scheme [9],217

for which holds:218

ρc
∂T

∂t

∣∣∣∣
n

≈ ρc
nT − n−1T

�t
(11)219

is used for the time discretization.220

2.1 Finite element approximation 221

Let Ch be the partitioning of the domain � into elements �i . 222

Let us define finite element subspaces for the temperature 223

T , the heat flux vector q and the appropriate test (weight) 224

functions, respectively as: 225

Th =

{
T ∈ H1(�) : T |∂�T =

_
T , T = T L PL (�i ), ∀�i ∈ Ch,

}
226

θh =

{
θ ∈ H1(�) : θ |∂�T = 0, θ = θ M PM (�i ), ∀�i ∈ Ch,

}
227

Qh =
{
q ∈ H1(�) : q · n|∂�q = h, q · n|∂�c = hc(T − T0), 228

q = q L VL (�i ), ∀�i ∈ Ch,
}

229

ϑh =
{

Q ∈ H1(�) : Q · n|∂�q ∪∂�c = 0, 230

Q = QM VM (�i ), ∀�i ∈ Ch,
}

(12) 231

In these expressions T L and q L are nodal values of the 232

temperature scalar T and flux vector q, respectively. Accord- 233

ingly, PL and VL are corresponding values of the interpo- 234

lation (shape, local base) functions connecting temperatures 235

and fluxes at an arbitrary point in �i (the body of an element), 236

and the nodal values of these quantities. The complete anal- 237

ogy holds for the temperature and flux weight functions θ 238

and Q. 239

Heat flux approximation functions are presently chosen 240

from continuous subspace H1, instead from space L2. It 241

should be noted that number of numerical experiments re- 242

ported here reveals that this local violation of discontinuity 243

on the interfaces of abrupt material changes and over the 244

part of the boundary where non–smooth heat flux boundary 245

conditions are prescribed, does not deteriorate results. 246

Let nT be the number of temperature degrees of free- 247

dom, and nq the number of heat flux degrees of freedom. By 248

analogy with finite element approach in elasticity [16], the 249

present scheme can be written as a system of linear equations 250

of order n = nq + nT . In matrix form at current time t , it 251

reads: 252

[
Avv BT

vv

Bvv −Dvv − Svv

] [
qv

Tv

]
253

=

[
−Avp −BT

vp
−Bvp Dvp

] [
qp
Tp

]
+

[
0 0
0 Svp

] [
0
T (t−1)

p

]
254

+

[
0
Fp + Hp − K p

]
+

[
0
−L(t−1)

p

]
(13) 255

In this expression, unknown (variable) and known (ini- 256

tial, prescribed) values of the heat flux and temperature, de- 257

noted by the indices v and p, respectively, are decomposed. 258

The nodal heat flux (q pL ) and temperature (T L ) components 259

are consecutively ordered in the column matrices q , and T , 260

respectively. The nonhomogenous essential boundary condi- 261

tions or initial boundary conditions per temperature Tp and 262

heat flux qp (providing that their relevant part of the bound- 263

aries do not intersect) are introduced as contribution to the 264

right-hand side of the expression (13). The members of the 265

entry matrices A, B, D and S, and the column matrices F , 266
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H , K and L in (13), are respectively:267

A�p	r =
∑

e

∫
�e

(e)

�L
�ga

(L)pVLk−1
ab gb

(M)r VM

(e)

�M
	 d�e;268

B�p	 =
∑

e

∫
�e

(e)

�L
�ga

(L)pVL PM,a

(e)

�M
	 d�e,269

D�	 =
∑

e

∫
∂�ce

hc

(e)

�L
� PL PM

(e)

�M
	 ∂�ce;270

F	 =
∑

e

∫
�e

(e)

�M
	 PM f d�e,271

S�	 =
∑

e

∫
�e

ρc

�t

(e)

�L
� PL PM

(e)

�M
	 d�e;272

L	 =
∑

e

∫
�e

ρc

�t
n−1T(M),PM

(e)

�M
	 d�e,273

H	 =
∑

e

∫
∂�he

(e)

�M
	 PM h,d∂�he;274

K	 =
∑

e

∫
∂�ce

(e)

�M
	 PM hcTa d∂�ce. (14)275

The above expressions should be evaluated for each unsup-276

pressed degree of freedom of the heat flux vector or tem-277

perature, connected to the global node � and/or 	 of the278

considered finite element mesh, where
(e)

�L
� is connectivity279

operator, which maps the set of global nodes � into the set280

of local nodes L per elements, and vice versa. The Euclidian281

shifting operator ga
(L)p is given by ga

(L)p = δi j gac
(
∂zi

/
∂ξ c

)
282 (

∂z j
/
∂y(L)p

)
, where, zi (i, j, k, l = 1, 2, 3) is global Carte-283

sian coordinate system of reference. The coordinate system284

at each local node L is denoted by y(L)r (r, s, t = 1, 2, 3).285

The local natural (convective) coordinate system per finite286

element is denoted by ξa(a, b, c, d = 1, 2, 3). Further, gab
287

and g(L)mn are components of the contravariant fundamental288

metric tensors, per natural ξa and local y(L)n coordinate sys-289

tems, respectively. Furthermore, PM,a ≡ ∂ Pm
/
∂ξa . Since290

tensorial character is fully respected, one can easily choose291

appropriate coordinate system at each global node for pre-292

scribing of heat flux, or interpretation of the results.293

2.2 Finite element configurations294

The topology of the present hexahedral continuous finite el-295

ement family HCT
/

q for approximation of temperature and296

heat flux fields is shown in Fig. 1. It contains 8 or 20 lo-297

cal nodes for approximation of temperature, and 9–27 local298

nodes for the approximation of the heat flux.299
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Fig. 1 Finite element HC (8 - 20)/(20-27)

If there are eight local nodes per temperature, the corre- 300

sponding shape functions are tri–linear, given by: 301

Pi =
1

8
(1 + ξiξ)(1 + ηiη)(1+ζiζ ), for nodesi = 1, 8 302

(15) 303

In this case, heat flux is represented by 9 nodes (finite ele- 304

ment HC8/9), 15 nodes (HC8/15), or 27 nodes (HC8/27), 305

connected to the 9, 15, or 27 shape functions, respectively. 306

That is, 1, 7 or 19 nodes more than for approximation of the 307

temperature, respectively. 308

On the other hand, if there are 20 local nodes per tem- 309

perature, the relevant shape functions are of serendipity type, 310

given by: 311

Pi =
1

8
(1 + ξi ξ)(1 + ηi η)(1 + ζi ζ ) 312

(ξi ξ + ηi η + ζi ζ − 2), for nodesi = 1, 8, 313

Pi =
1

4

(
1 − ξ2)(1 + ηiη)(1 + ζi ζ ), for nodesi = 9, 11, 17, 19, 314

Pi =
1

8
(1 + ξi ξ)

(
1 − η2)(1 + ζi ζ ), for nodesi = 10, 12, 18, 20, 315

Pi =
1

8
(1 + ξi ξ)(1+ηiη)

(
1−ζ 2), for nodesi = 13, 14, 15, 16. 316

317(16) 318

In this case heat flux is approximated by 21 nodes (HC20/21) 319

or 27 nodes (HC20/27), which are connected to 21 or 27 shape 320

functions, 321

respectively. That is, 1 or 7 nodes more than for approxi- 322

mation of the temperature. Shape functions given by (15) 323

and (16) are complete up to the order of polynomials m = 1, 324

fulfilling the completeness requirements for our formulation 325

It can be seen that the subspaces for approximation of the 326

heat flux field are enriched in accordance to the temperature 327

field. The additional shape functions are hierarchical in order 328

to increase stability. It will be shown, that only finite element 329

HC8/27 is reliable [14]. 330
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2.3 Solution of the resulting system of equations331

The modified direct MA47 solution procedure, particular ver-332

sion of the Duff–Reid algorithm [4,5], which solves a sparse333

symmetric indefinite system of linear equations using mul-334

tifrontal Gaussian elimination and makes a special effort to335

exploit zero diagonal entries, is presently used. In order to336

increase the robustness of the solution procedure even in the337

case of geometrically multiscale analyses the scaling routine338

MC30 [17] is included, also. The performance of this solu-339

tion approach is studied and compared with existing in–house340

sparse Gaussian elimination solver (SSGE). The numerical341

examples were run on the PC Pentium IV 2.4 GHz 2 GB RAM342

and NEC supercomputer SX6i 8 GB RAM. It will be shown343

here that MA47+MC30 program routine is two orders of344

magnitudes faster than SSGE routine. Obtained numerical345

results confirmed the time efficiency and reliability of the346

MA47+MC30 solution approach.347

3 Primal formulation of the heat transfer348

The primal finite element approach in steady state heat trans-349

fer analysis [10], presently used for comparison, is given by350

the next matrix equation:351

[Cvv+Dvv][Tv]=−
[
Cvp+Dvp

][
Tp

]
+

[
−Fp − Hp+K p

]
,352

(17)353

where all block matrix entries are the same as in (14), except354

for the block matrix C , which is for every pair of nodes (�, 	)355

calculated by:356

C�	 =
∑

e

∫
�e

(e)

��
L P L

,akab P M
,d

(e)

�	
M d�e. (18)357

If corresponding finite element has 8 or 20 local nodes, con-358

nected to the shape functions given by (15) or (16), the result-359

ing finite element scheme is called raw and presently denoted360

by H8 or H20, respectively.361

4 Low order tests362

In order to check necessary and sufficient conditions for con-363

vergence, low order tests are traditionally the first steps in364

the validation process of each new finite element. In addi-365

tion, some authors considered these tests as tools for assess-366

ment of robustness of finite element algorithms [14]. In the367

present paper, necessary [12] and sufficient conditions [18,368

19] solvability tests are investigated in detail.369

4.1 Necessary conditions for solvability370

The single finite element configuration passes solvability test371

if the number of heat flux degrees of freedom nq is greater372

than the number of temperature degrees of freedom nT . This373

Table 1 Necessary conditions for solvability test

FE configuration nT nq nT +nq Test nq > nT

HC8/8 8 24 32 Pass
HC8/9 8 27 35 Pass
HC8/15 8 45 53 Pass
HC8/27 8 81 89 Pass
HC20/20 20 60 80 Pass
HC20/21 20 63 83 Pass
HC20/27 20 81 101 Pass

test is known [12] as the single element patch test, or neces- 374

sary condition for solvability. The results of the present test 375

are reported in Table 1. It can be seen that all considered finite 376

element configurations satisfy this requirement. 377

4.2 Sufficient conditions for solvability. Eigenvalue analysis 378

In order to check if one finite element is sensitive to the lock- 379

ing phenomena, an eigenvalue analysis of single finite ele- 380

ment configuration, is performed [15,18]. This test is also 381

known as sufficient conditions for solvability test. In the 382

present context, one finite element free of boundary con- 383

ditions passes this test if number of zero eigenvalues of the 384

system matrix in (13) is equal to one. In addition, there should 385

be nT − 1 negative eigenvalues and one (almost) zero eigen- 386

value which correspond to the temperature degrees of free- 387

dom (dof), and nq positive eigenvalues that correspond to the 388

heat flux dof. 389

The results of the present test for all considered finite ele- 390

ment configurations: HC8/9, HC8/15. HC8/27, HC20/21 and 391

HC20/27, are reported in Tables 2 and 3. Calculated eigenval- 392

ues are sorted in increasing order. All eigenvalues connected 393

to the temperature dof are reported, whilst only the small- 394

est and the largest eigenvalue connected to the heat flux dof 395

are reported. It can be seen that all finite element configura- 396

tions presently considered pass the sufficient conditions for 397

solvability test. 398

5 High-order tests: the mathematical convergence 399

requirements 400

As the finite element mesh is refined, the solution of dis- 401

crete problem should converge to the analytical solution of 402

the mathematical model. The convergence requirements for 403

shape functions are grouped into three categories, that is: 404

completeness, compatibility and stability [13–15]. 405

Completeness criterion requires that polynomial order of fi- 406

nite element approximation functions must ensure that all 407

integrals in the corresponding weak formulation are finite. 408

Specifically, if m is variational index calculated as the highest 409

spatial derivative order that appears in the energy functional 410

of the relevant boundary value problem, than shape functions 411

must represent exactly all polynomial terms in order � m 412

in element coordinate system. A set of shape functions that 413
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Table 2 Eigenvalues of one finite element configurations HC8/(8–27)

Mode (dof) HC8/8 HC8/9 HC8/15 HC8/27
1 -1.951941E-01 -2.290541E-01 -2.868752E-01 -3.303563E-01 
2 -1.951941E-01 -2.290541E-01 -2.868752E-01 -3.303563E-01 
3 -1.951941E-01 -2.290541E-01 -2.868752E-01 -3.303563E-01 
4 Temp -9.884506E-02 -9.884506E-02 -1.224534E-01 -1.560596E-01 
5 -9.884506E-02 -9.884506E-02 -1.224534E-01 -1.560596E-01 
6 -9.884506E-02 -9.884506E-02 -1.224534E-01 -1.560596E-01 
7 -4.166667E-02 -4.166667E-02 -4.166667E-02 -5.384102E-02 
8 -1.173784E-016 -4.937518E-017 -6.245006E-017 -7.209485E-018 
9 4.629630E-03 4.629630E-03 1.594840E-003 9.093757E-05 

10-31 … 
32 3.201941E-01 … 

33-34 … 
35 Flux 4.685373E-01 

36-52 
53 9.008513E-01 

54-88 
89 1.290335E+00 

Table 3 Eigenvalues of one finite element configurations HC20/(20–
27)

Mode (dof) HC20/20 HC20/21 HC20/27
1 -5.2741227E-01 -5.6288920E-01 -6.4052454E-01 
2 -5.2741227E-01 -5.6288920E-01 -6.4052454E-01 
3 -5.2741227E-01 -5.6288920E-01 -6.4052454E-01 
4 -4.6939502E-01 -4.6939502E-01 -5.4653861E-01 
5 -2.8229067E-01 -2.8229067E-01 -3.2452143E-01 
6 -2.8229067E-01 -2.8229067E-01 -3.2452143E-01 
7 -1.3914343E-01 -1.3914343E-01 -1.5839084E-01 
8 -1.3914343E-01 -1.3914343E-01 -1.5839084E-01 
9 Temp -1.3914343E-01 -1.3914343E-01 -1.5839084E-01 

10 -8.2290600E-02 -8.2290600E-02 -8.8105436E-02 
11 -8.2290600E-02 -8.2290600E-02 -8.8105436E-02 
12 -8.2290600E-02 -8.2290600E-02 -8.8105436E-02 
13 -4.4507986E-02 -4.6499991E-02 -4.7320591E-02 
14 -4.4507986E-02 -4.6499991E-02 -4.7320591E-02 
15 -4.4507986E-02 -4.6499991E-02 -4.7320591E-02 
16 -4.1170916E-02 -4.1170916E-02 -4.1170916E-02 
17 -2.6149094E-02 -2.6149094E-02 -2.6390235E-02 
18 -2.6149094E-02 -2.6149094E-02 -2.6390235E-02 
19 -2.6149094E-02 -2.6149094E-02 -2.6390235E-02 
20 5.0611788E-17 -1.9021935E-17 -7.0748837E-17 
21 2.2326639E-03 2.0611104E-03 1.4085152E-04

22-79 … 
80 1.0261153E+00 … 

81-82 Flux … 
83 1.1915502E+00 

85-100 
101 1.6450622E+00 

satisfies this condition is called m- complete. Further, com-414

patibility criterion requires that shape functions should pro-415

vide continuity of primal variable between elements. Thus,416

patch trial functions must be Cm−1 continuous between inter-417

connected elements, and Cm piecewise differentiable inside418

each element. A finite element model that passes both com-419

pleteness and continuity requirements satisfies consistency420

condition between mathematical and discrete models.421

The overall stability of mixed formulations is provided if422

two necessary conditions for stability are fulfilled: the first423

stability condition represented by the ellipticity on the ker-424

nel, and second stability condition represented by the inf–sup425

test [14]. For example, in dual–mixed methods [13], the first426

stability condition requires that space for the approximation427

of primal variable is large enough compared to the space 428

for approximation of dual variable, while the second stabil- 429

ity condition requires just the opposite. Obviously, these two 430

conditions are in contradiction. Thus, the well balance be- 431

tween these approximation spaces must be established in or- 432

der to avoid instabilities [20]. It is shown in [13] and [15] 433

that for primal–mixed methods, where interelement conti- 434

nuity on the dual approximation spaces is enforced and test 435

and trial functions are identical (like in the present case) it is 436

straightforward to achieve stability. 437

The Lax–Wendroff theorem says that consistency and sta- 438

bility imply convergence. It should be noted that satisfaction 439

of the completeness criterion is necessary for convergence of 440

the finite element solutions, while violating other two criteria 441

does not necessary means that solution will not converge. 442

5.1 Consistency condition for FE HC(8–20)/(9–27) 443

Presently, variational indices for temperature and heat flux 444

variable fields are m = 1 and m = 0, respectively. Never- 445

theless, all test and trial shape functions are presently chosen 446

from space H1, i.e. from the class of C0–continuous shape 447

functions, given by (15) and (16). Consequently, the com- 448

pleteness and compatibility requirements for both fields are 449

satisfied in the present case. 450

5.2 First stability condition 451

In mixed formulation, the first stability condition is satisfied 452

if the bilinear form a(q, Q) =
∫
�

qk−1 Qd� is coercive on 453

the space of the variable Q [21], that is a(Q, Q) � α‖Q‖2
454

for all Q ∈ L2, α � 0, which is presently trivially satisfied. 455

Hence, all presently considered finite element configurations 456

HC(8−20)
/
(9−27) satisfy first stability condition a priori. 457

In addition, the stability is automatic for all coercive methods 458

where test and trial spaces are identical [21], as in the present 459

case, and it is enough to enrich the dual variable space in 460

order to increase stability. 461
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5.3 Second stability condition462

To obtain a stable and optimal procedure for the selected463

interpolation, a mixed formulation should also satisfy the sec-464

ond stability condition, so–called the inf–sup test [21]. The465

second stability condition is satisfied if the inf–sup parame-466

ter γh [14,15,21], remains bounded above zero for meshes467

of increasing density:468

γ � γh = inf
θ∈H1

sup
Q∈(H1)n

b(Qh, θh)

‖Qh‖‖θh‖
, (19)469

where presently:470

b(Qh, θh) =
∑

e

∫
�i

Qh · ∇θhd�e, (20)471

‖Qh‖2 =
∑

e

∫
�i

QT
h · Qhd�e, (21)472

‖θh‖2 =
∑

e

∫
�i

∇θh∇θhd�e. (22)473

Since this verification involves an infinite number of meshes,474

inf–sup test can not be performed analytically. Therefore, it is475

performed numerically [21] for a limited number of meshes476

of increasing refinement. Consequently, numerical inf–sup477

test is represented by generalized eigenvalue problem, in ma-478

trix notation given by479

B A−1 BT x = λ C x, (23)480

where B and A are the block matrix entries in (13), while481

block matrix C is the system matrix of the primal approach482

(18).483

Thus, the inf–sup value γh = (λmin)
1/2 is the square root484

of the smallest eigenvalue of the problem (22). Some con-485

sidered finite element configuration passes the inf–sup test if486

values γh do not show decrease toward zero, during the mesh487

refinement process.488

6 Inf-sup numerical tests489

The inf–sup test for the present three-dimensional finite490

element configurations HC(8–20)/(21–27), is performed in491

different limit scenarios [14], such as highly distorted finite492

element mesh and small thickness of plates and shells. The493

results are plotted in the form log (γh) = f (1/N ), where494

N = 1, ..., 8 is the number of finite elements per side. Re-495

sults for meshes of increasing refinement will be plotted from496

right to left. It should be noted that decreasing of the inf–sup497

values on log–log diagram would be seen as a curve with498

moderate or excessive slope, which indicates that stability test499

is failed. It is proven in [15,22] that finite elements QC4
/

9500

and HC8
/

27 are stable in linear elasticity. Presently it will be501

shown that finite element HC8/27 is stable in the heat transfer502

analysis, also.503

6.1 Unit square block 504

The inf–sup test results for the unit square block, with thermal 505

conductivity k = 1, are shown in the Fig. 2. Four finite ele- 506

ment configurations with the mesh indicator N = 1, 2, 3, 4, 507

are considered. 508

The inf–sup test results for the unit square block discret- 509

ized by moderately distorted finite element meshes with mesh 510

indicator N = 1, 2, 3, 4, are shown in the Fig. 3. 511

From the results shown in Fig. 2 and 3, it can be seen that 512

only finite element configuration HC8/27 passes the inf–sup 513

test. 514

6.2 Thin plate 515

A thin unit square plate of thickness t = 0.01 and thermal 516

conductivity k = 1, is discretized by the sequence (N × N × 517

1, N = 2, 4, 6, 8, 10) of undistorted, moderately distorted 518

and highly distorted hexahedral finite element meshes [14]. 519
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Only temperature boundary conditions are imposed on one520

side of the model problem (see Fig. 5).521

The inf–sup test results for thin plate discretized by uni-522

form mesh are shown in Fig. 4.523

The inf–sup test results for thin plate discretized by the524

sequence of moderately distorted finite element meshes are525

shown in Fig. 5.526

The inf–sup test results for thin plate discretized by the527

sequence of highly distorted finite element meshes are shown528

in Fig. 6. The inf–sup results for finite element configurations529

HC8/15 and HC8/27, are reported.530

The oscillation of the stability constants γh is due to the531

nonsimilarity of the sequence of finite element meshes con-532

sidered. However, it stabilizes in the mesh refinement pro-533
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cess. Therefore, finite elements HC8/15 and HC8/27 pass 534

the inf–sup test in the present example. 535

6.3 Thin cylinder 536

The finite element HC8/27 is presently tested for its stability 537

on the example of the thin cylinder model problem. The cyl- 538

inder radius is r = 1, full length is l = 1 and its thickness 539

is t = 1/100, while thermal conductivity is k = 1. The tem- 540

perature is prescribed on the bottom side of the cylinder. The 541

heat flux boundary conditions are not prescribed. Because of 542

symmetry, only one half of the cylinder is analyzed, and only 543

one layer of finite elements is placed along the thickness. The 544

four finite element models with mesh indicator N = 2, 4, 6, 8 545

are considered. From the Fig. 7 we may see that only finite 546

elements HC8/15 and HC8/27 pass the inf–sup test. 547
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From Fig. 7 it can be seen that finite elements HC8/15548

and HC8/27 pass the inf–sup test. Nevertheless, finite ele-549

ment HC8/15 did not pass the inf–sup test in previous model550

problem of unit brick, so generally it can not be considered as551

stable one. On the other hand, finite element HC8/27 passes552

the test in all considered examples and it can be considered553

stable.554

7 Numerical experiments555

The proposed primal–mixed formulation was implemented556

in an original computer code for three–dimensional prob-557

lems using the ‘Fortran’ programming language. It is tested558

on several verification examples in steady state and transient559

heat transfer analysis, with aim to study its performance in560

various kinds of limit situations, such as: material interface,561

non–smoothness of heat flux boundary conditions and ther-562

mal coating barriers. In addition, its performance in the case563

of orthotropic material and internal heat generation, is also564

inspected.565

Standard relative percentage error analysis is performed566

in order to check how the error depends on a combination of567

the approximation properties of both temperature and heat568

flux finite element spaces.569

7.1 Hollow sphere with two materials and convective BCs570

Sensitivity of the present approach to the presence of the571

material discontinuity is investigated in the present example.572

A model problem is the steady state heat transfer through573

a hollow bimaterial sphere [23]. Inner, interfacial and outer574

radius of the hollow sphere are 0.3, 0.35, and 0.37 m, respec-575

tively. The convection boundary conditions are prescribed on576

its inner and outer surface, such that hinner
c = 200 W/m2◦C577

and T inner
a = 70◦C, and houter

c = 150 W/m2◦C and T outer
a578

= −9◦C, respectively. Thermal conductivities of the inner579

and outer material are kinner = 40 W/m2◦C and kouter =580

20 W/m◦C. The target values are temperatures on three char-581

acteristic radii: inner, interfacial and outer, which are TA =582

25.06◦C, TB = 17.84◦C and TC = 13.16◦C, respectively.583

Only one–eighth of the hollow sphere is presently ana- 584

lyzed due to the symmetry. The finite element configurations 585

used were HC8/9, HC8/15, HC8/27, HC20/21 and HC20/27, 586

and raw primal one H8. The sequence of models with uniform 587

meshes refinement in all directions, were investigated. The 588

coarsest mesh is shown in Fig. 8. Relative errors of calculated 589

temperatures on three characteristic radii versus the number 590

of finite elements in the mesh, are shown in Fig. 8. 591

The results reported in Fig. 8, reveal that all considered 592

finite element configurations have high accuracy. In addition, 593

artificially enforced continuity of heat flux shape functions 594

along discontinuity surface of the abrupt material change 595

(Point B) does not deteriorate results. Nevertheless, quadratic 596

finite element configurations H20, H20/21 and H20/27 have 597

relative error less than 0.01% immediately after the second 598

discretization, which points out to the high accuracy of these 599

configurations. 600

Let’s investigate whether level of mesh refinement in ra- 601

dial direction influences results. It will be done on a sequence 602

of models, which have fixed number of elements along cir- 603

cumference, namely, 48 finite elements. Meshes are gradually 604

refined in radial direction only, with mesh indicators M + N , 605

per inner and outer materials of the sphere respectively, where 606

M = 3, . . . , 7 and N = 2, . . . , 6. For this type of discretiza- 607

tion relative percentage errors are shown in Fig. 9. 608

From results reported in Fig. 9, it can be seen that all con- 609

sidered finite element configurations retain the same level of 610

accuracy during the mesh refinement process, even on the 611

material interface. It can be seen that very good results are ob- 612

tained even with small number of elements in radial direction. 613

Therefore, we may say that level of mesh refinement in radial 614

direction does not affect results. Further, the time efficiencies, 615

i.e. execution time versus number of degrees of freedom, of 616

HC8/9 finite element configuration (see Fig. 8) in connec- 617

tion with several presently considered solution schemes, are 618

shown in Fig. 10. 619

From results reported in Fig. 10, it can be seen that 620

MA47+MC30 procedure [5] is far more time efficient than 621

other presently considered solution procedures, i.e. it is 50 622

times faster than simple Gaussian elimination procedure and 623

25 times faster than MA47 procedure, on the same computer 624

platform. 625
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7.2 Cylinder with prescribed heat flux626

Performance of the present approach in the presence of non–627

smooth heat flux boundary conditions is presently investi-628

gated. The model problem is a cylinder [24], shown in Fig. 11,629

with thermal conductivity k = 52 W/m2◦C and prescribed630

heat flux h = 5 · 105 W/m◦C along C E strip on its side631

surface. The bottom is maintained at fixed zero temperature.632

Top side and side strip B E are insulated. The target value is633
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temperature at point E on discontinuity line, where T (E) = 634

213.6◦C [24]. One–quarter of the cylinder is analyzed due to 635

the symmetry. The convergences of the results obtained by 636

the raw primal H8, and present HC8/9, HC8/20 and HC8/27 637

finite element configurations, are shown in the Fig. 11 638

It can bee seen in Fig. 11 that all considered FE config- 639

urations have relative errors in temperature less than 1%. In 640

addition, for the present finite element configurations there 641

are no oscillations of the results during mesh refinement pro- 642

cess, regardless of the enforced continuity of the heat flux 643

shape functions over the line of heat flux boundary conditions 644

discontinuity. Therefore, we may conclude that this enforced 645

continuity does not deteriorate temperature result in any way. 646

However, unlike in previous example of the hollow bimate- 647

rial sphere, where the present scheme is more accurate than 648

primal H8, in the present example it is “less” accurate. Nev- 649

ertheless, it does not oscillate, as primal one. So, ultimately, 650

its performance is again better than of primal scheme. 651

It should be noted that all above observations are valid for 652

primal variable only, that is, temperature. The lack of target 653

solution for dual (heat flux) variable, disables us to measure 654

convergence of the results per heat flux variable, which will 655

be particularly interesting because heat flux is calculated a 656

posteriori in primal approach. Nevertheless, the visualiza- 657

tion of the heat flux component qz for the model with 1,500 658

finite elements, discretized by finite element HC8/9, primal 659

HEXA8 [25] without and with heat flux averaging, are shown 660

in Fig. 12, respectively. 661

In the present approach, the heat flux boundary conditions 662

on the upper side of the cylinder are prescribed to be zero 663

and introduced in the calculation as homogenous essential 664

boundary conditions. It is unlike in primal schemes, where 665

prescribed heat flux components can not be applied, which 666

results in some artificial “small” value of a posteriori calcu- 667

lated heat flux field. 668

7.3 Thermal barrier coating component 669

A hollow long steel shaft coated by a bond and a ceramic layer 670

[26] shown in Fig. 13, is analyzed. The inner and outer radii 671

of the shaft are is r3 = 0.005 m and r0 = 0.1 m, respectively. 672
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Fig. 12 Cylinder with prescribed heat flux: relative errors in temperature
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It is assumed that shaft’s height is h = 0.1 m. Thermal con-673

ductivity of steel and bond is k = 25 W/(mK), while thermal674

conductivity of the ceramic is k = 1 W/(mK). The tempera-675

ture is prescribed on the inner and outer surfaces, such that676

T3 = 500◦C and T0 = 1000◦C, respectively. Five models677

with decreasing thickness of coating t , that is, of bond and678

ceramic together, varied from 10−2 − 10−6 m, are analyzed.679

One–quarter of the cylinder is analyzed due to the symme-680

try. All five model problems are discretized by eight finite ele-681

ments along circumference, and only one layer of finite ele-682

ments along the height. The radial meshing is performed by683

gradual refinement toward coating. Both, bond and ceramic684

regions are discretized by at least three finite element layers,685

along radius. Number of finite elements for five considered686

model problems with decreasing coating’s thickness, is 120,687

160, 192, 248 and 384, respectively. The results obtained by688

finite element configurations HC8/9 and HC20/21 are com-689

pared with results obtained by two–dimensional conventional690

boundary element approach (CBEM) [26] and analytical re-691

sult. Non–dimensional temperature T1
/

T0 and radial heat692

flux component q1
/

q0, versus non–dimensional coating thick-693

ness n = log
(
r0

/
t
)
, are given in Fig. 13.694

From Fig. 13, it can be seen that the present approach695

shows excellent agreement with analytical solution, while696

CBEM exhibits spurious behavior. Execution times on PC697

1 GB RAM, 2.4 MHz for all model problems, are in range 698

from 0.32 to 25.72 s. The same level of accuracy is obtained in 699

the subsequent primal–mixed thermal stress analysis. There- 700

fore, present approach can be a useful tool for the coating de- 701

sign and peeling–off failure analysis of thermal barrier coated 702

components. 703

7.4 Transient temperature distribution in an orthotropic 704

metal bar 705

Transient heat transfer in a long metal bar [27,28] with rect- 706

angular cross–section shown in Fig. 14, is analyzed. The 707

material is orthotropic, with thermal conductivities: kx = 708

415.03 W/m◦C , ky = 74.78W/m◦C and kz = 20.75 W/m◦C 709

. The specific heat is c = 534.53 J/kg◦C , density ρ = 710

6407.38 kg/m3. The bar is exposed to convection, with con- 711

vection coefficient hc = 196079.05 W/m◦C and ambient 712

temperature of Ta = 37.78◦C. Initial temperature of the body 713

is T0 = 148.89◦C. The length of the bar is l = 0.008382 m, 714

although it does not influence the temperature results. Tar- 715

get values are temperatures at four points in the corners at 716

the end of the time interval of 3 s [28]. Suggested time step 717

size for this model was �t = 3/40 s. Nevertheless, in order 718

to prove the stability of the present time integration scheme, 719

much larger time step sizes were considered. 720

One quarter of the model problem is analyzed due to 721

the symmetry. Convergence at the node N2 with extremal 722
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Fig. 14 Coated model: temperature and heat flux per coating thickness
parameter
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Fig. 15 Orthotropic bar: time convergence at node N2

temperature value, for larger and smaller time steps, are shown723

in Fig. 14. The convergence at all corner nodes, are shown in724

Fig. 15725

The present approach converges to the target values regard-726

less of the size of the time step. Presently, we have obtained727

target results with only few time steps, unlike in [28] where728

40 time steps were recommended for the given time interval.729

7.5 Transient heat conduction with heat generation730

Transient heat transfer within a plane wall [25,29] shown731

in Fig. 16, subjected to the internal heat generation f =732

19 W/m K, is presently analyzed. Material properties are:733

thermal conductivity k = 19 W/m K, specific heat734

c = 460 J/kg K and density ρ = 7800 kg/m3. The initial735

temperature of the wall is T0 = 373 K . The wall is subjected736

to convection on the sides A–C and B–D, where h AC
c =737

400 W/m2 K, T AC
a =393 K , hB D

c =500 W/m2 K and T B D
a =738

293 K . Target value is temperature at the point E after pe-739

riod of 9 s: T E
∣∣
t=9 s = 463.7033 K . Suggested number of740

time steps in reference [25] is 100, giving us time step of741

�t = 0.09s. The finite element configurations HC8/9 and742

B
&

W
-I

N
-P

R
IN

T

0 1 2 3 7 8 9

350

375

400

425

450

475

500

525

550

Target Value

 HC8/9 dt=1.5

 HC8/15 dt=1.5

 HC8/9 dt=1.

 HC8/15 dt=1.

T
em

p
er

at
u
re

 a
t 

p
o
in

t 
E

 [
K

]

Time history t[s]

654

Fig. 16 Orthotropic bar: time convergence at target nodes

HC8/15, and much smaller sizes of time step, are presently 743

considered. 744

We can conclude that both presently considered finite 745

element configurations, HC8/9 and HC8/15, converge to the 746

target result for much smaller number of time steps than 747

recommended in [25], which significantly reduces the time 748

needed for calculations. 749

8 Conclusion 750

The fully three-dimensional primal–mixed finite element ap- 751

proach in steady–state and transient heat transfer analysis of 752

the solid body, is examined in detail. Both solution variables: 753

temperature and heat flux, are simultaneously calculated from 754

the same system of equations. As a novelty, the interelement 755

continuity of heat flux shape functions is intentionally en- 756

forced. It is observed that it does not deteriorate temperature 757

and heat flux target results even in the region of some kind 758

of discontinuity. The mathematical aspects of convergence 759

of the proposed finite element family HCT
/

q , is carefully 760

analyzed also. It is proven that present hexahedral finite ele- 761

ment configurations HC8/9, HC8/15, HC8/27, HC20/21 and 762

HC20/27 are consistent, solvable, and satisfy the first stability 763

condition. In addition, finite element HC8/27 satisfies second 764

stability condition, also. Therefore, it is proven that present 765

finite element HC8/27 is reliable. Further, obtained solutions 766

converge to the target result, regardless of the complexity of 767

the geometry, presence of the abrupt material changes, non– 768

smoothness of heat flux boundary conditions or distortion of 769

the finite element mesh. Nevertheless, one of the main poten- 770

tials of the present approach is in overcoming of the well– 771

known transition problem of connecting finite elements of 772

different types and dimensions. Consequently, present finite 773

elements are robust even in micron–sized coated components 774

analysis. In addition, in connection with specially designed 775

HSL solution routine MA47+MC30, the present finite ele- 776

ment approach is time efficient, measured as the accuracy 777

versus the solution time. It is shown that in comparison to 778

primal raw finite element approach and classical boundary 779

element approach, the present scheme is more robust and 780

accurate. Finally, the present approach can be easily imple- 781

mented in any existing pre and postprocessing environment 782

developed for primal finite element approach, as it is pres- 783

ently implemented in Straus7 [25] software package. 784
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