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Chapter 1  Primal finite element approach

To examine the behavior of the solid body under mechanical load F (see
Figure 1.1) we may start with the fundamental problem of elastostatics theory in
classical notation given by equilibrium equation:

dive+pb=0 in Q, (1.1)

and displacement boundary conditions (b.c), which can be zero (homogenous) and
nonzero (nonhomogenous):

u=uonoQ) . (1.2)

external mechanical
force F, or b.c. per stress ¢

Gz
G, Undeformed Deformed
Configuration Configuration

Figure 1.1. Solid body under deformation due to the arbitrary mechanical load

Additionally, boundary conditions per stress, i.e. boundary tractions p, over the
part of the boundary 0Q, =0Q\0Q, may be suppressed (zero (homogenous)) or
prescribed (nonzero (nonhomogenous)):

t-n=ponodQ, (1.3)
If it is physically justified that we assume that considered body during deformation
process behaves geometrically linear (i.e. displacements are small), continuity

equation which relates displacements # with second order strain tensor e over the
domain of the body Q is given by next expression:

e=%(gradu+graduT) in Q. (1.4)
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12 Primal finite element approach

In order to have complete system of equation we need the constitutive equation
which gives us functional dependence between stress and strain due to the
mechanical load:

t=Ce, (1.5)

Let’s emphasized that in order to obtain the unique solution of the problem (1.1)
we must have prescribed boundary condition per displacement or stress over the
part of the boundary 0Q.

In the above equations, ¢ is the Cauchy second order stress tensor, where holds:
t=t"g ®g,. Next, p is the material density, and » are the body forces. The
QcR',d=1,2,3 is open domain of the considered body, where d being
geometrical dimension of the problem. 6Q, and 0Q, are parts of the boundary
where homogenous or nonhomogenous boundary conditions per displacements
and stresses are prescribed, respectively. Further, C is the elasticity fourth order
tensor, is given by C=C""g ® g, ® g ® g, assumed to be symmetric and positive
definite. Further, G, is the base vector of coordinate system z' in initial
configuration, while g, is the base vector of spatial coordinate system &“ in
deformed configuration.

For applying a finite element method one has to reformulate problem (1.1) in a
variational setting. Let’s denote by u the trial (unknown) function. Next, let’s v be
a test function of a displacement solution variable with property that it should

vanish on the boundary. The primal variational formulation of problem (1.1) is
obtained by writing the equilibrium law in a weak form and integrating it by parts:

IVuCVde=pr~de+ J.p-vdéQ (1.6)
Q Q oQ

Now we will transform our starting problem given in an infinite dimensional space
to one given in finite dimensional space. The domain of the body Q will be
discretized by the finite element subdomains of beam like, shell like, or brick or
tetrahedral like shapes. That is, the domain Q will be discretized by simple
geometrical objects, subdomains Q,, in order to ease the approximation of the

domain and boundary.
Over each of the subdomain Q, we will define linear, quadratic or higher order
polynomial shape (base, approximation) functions PL(cf“) with local support.

Namely, if P, and V, are two basis functions associated with the nodes N, and
N, , then the supports of the functions P, and ¥V, overlap only if N, and N,
belong to the same element.
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We may have different types and orders of base functions over the finite element
mesh providing that continuity condition [2] holds. The finite element has finite
number of local nodes L =1 NLN, where NLN 1is the number of local nodes in

finite element (see Figure 1.3).

Now we may define finite element approximation u, of the solution variable, in

present case displacement vector u, over the finite element model with domain
Q,=>0,~Q:

w,=> u"P, L=1,NLN (1.7)

By introducing (1.7) in (1.6) we obtain the well known matrix equation of primal
finite element method, known widely as displacement finite element method, given
by:

[K]{u}={F}. (1.8)

Above, [K] is a global stiffness matrix, {u} the solution vector and {F} is a global
node load vector. Matrix entries in (1.8) are calculated by:

AsT. (62\ L (L) bed (K)t pK (61)"
KM= [Qp Prelc™ gl PF Q) dO (1.9)
Q,
(¢ (¢
FY =3 [g™ Q) PbdQ+y. [ ¢ Q) PY pldog (1.10)
e Q e o0,

In the above expressions and further in the text Einstein convention of summation
on repeated indices is used. Euclidian shifters between convective, natural,
coordinate system of finite element £, « =1,2,3 and coordinate system at node A,

are given by g, or g™ It holds: P'=0P" /0. Further, b* and p® are the

body forces and boundary tractions in natural coordinates of an element,
respectively.

Tensorial invariance of the above expressions will enable us to choose different
coordinate systems at the global nodes per displacements and stresses and to select
proper positions of nodal coordinate systems for introduction of stress and
displacement constraints.
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14 Primal finite element approach

Because of the property that base functions have local support, the system matrix
[K] is sparsely populated by nonzero entries, that is, it is sparse, with much more

zero than nonzero entries. In the sparsisity of matrix equations lies main success of
the finite element approach. Namely, sparsisity has good influence on the
decreasing of the solution time. The lesser number of nonzero entries in each row
of the resulting system matrix, the solution time in general will be smaller.
Otherwise, the greater number of local nodes in each finite element, the number of
nonzero entries in corresponding rows in system matrix will be greater. From that
reason, there was a great interest for low—order elements in past decades. By (1.8)
we now can solve the equations of equilibrium for the unknown nodal
displacements.

Other field variables of interest, such as, strains, stresses, stress resultants, strain
energy densities, etc., remain to be calculated by some of the a posteriori routines,
so-called recovery routines. [15, 16], which entails a lost of accuracy [17].

In addition, although it is sometimes very important in engineering calculations,
the a priori known residual stress field or initial strain field can not be introduced
directly, i.e. without differentiation, in (1.8).

If structural behavior of some engineering construction has to be analyzed by the
finite element method [13, 14], the next steps should be performed consecutively
(see Figure 1.2):

= Discretize domain of the body, external loads, and boundary conditions,

» Approximate material properties, that is, real material with imperfections
should be represented as an isotropic, orthotropic, or composite or
functionally graded material, with scale resolution up to at most micron size
only. It means that we will observe the body from the continuum mechanics
point of view.

» Assume best fit constitutive equations for materials of the body.
Under structural behavior in the present context we assume the determination of

the displacement and strain or stress field of the thermo-mechanically loaded solid
body under the consideration (see Figure 1.2).

Figure 1.2. The section of the rotary lime kiln: model problem, FE mesh and stress field.
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1.1 Finite element and related shape functions

When a mesh of simplicial elements (triangles or tetrahedra) is used to form a
piecewise linear approximation of a function, the accuracy of the approximation
depends on the sizes and shapes of the elements. In finite element methods, the
conditioning of the stiffness matrices also depends on the sizes and shapes of the
elements. There are strong mathematical connections between mesh geometry,
interpolation errors, discretization errors, and stiffness matrix conditioning.

The generalization of quadrilateral in three-dimensional space is a hexahedron,
more popularly known in the finite element literature as brick. A brick is
topologically equivalent to a cube. It has eight corners, twelve edges or sides, and
six faces. Finite elements with this geometry are extensively used in modeling
three-dimensional solids. Bricks also have been the motivating factor for the
development of “Ahmad-Pawsey” shell elements through the use of the
“degenerated solid” concept.

The construction of brick shape functions and the computation of the stiffness
matrix was enormously facilitated by three advances in finite element technology:
natural coordinates, isoparametric description and numerical integration, which
revolutionized the finite element field in the mid-1960’s.

Regardless of the shape or topology of the finite elements used in the
approximation process there are two possibilities to refine the approximation,
so-called p and % refinement. The former refers to the refinement of the order of

the finite element shape functions used, while the later refers to the increasing of
the number of the finite elements while simultaneously decreasing its size. It is
possible to have combination of these two approaches. The example of that is the
approximation by the hierarchic shape function [8], which is used in the present
text.

1.2 Coordinate independence of the finite element equations

Some physical low is a law of the nature only if it is independent on the coordinate
system in which it is interpreted [18], that is, physical laws are given by the
tensorial equations. To avoid introduction of the geometric invariance error [19] in
the finite element approximation process of the physical laws of mechanical and
thermal fields and corresponding constitutive and continuity equations used in the
present text, and as well to enable introduction of primal and dual (displacement
and stress, temperature and heat flux) boundary conditions in arbitrary coordinates,
the invariant derivation of the present finite element equations in curvilinear
coordinates is presently strongly respected [20].
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